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John R. Whinnery was born on July 26, 1916 in 
Read, Colo. He received the B.S. degree in elec- 
trical engineering from the University of Cali- 
fornia in 1937, and immediately went to work for 
the General Electric Company in Schenectady, 
NI Y: 

At the General Electric Company, Mr. Whin- 
nery entered the three-year Advanced Engineering 
Program, and following that, supervised the high- 
frequency part of that program for two years. He 
then worked in the Electronics Laboratory and the 
Research Laboratory on problems in velocity- 
modulation tubes, traveling-wave tubes, and disk- 
seal triodes. In 1945-1946 he was also part-time 
lecturer in Union College. 

In 1946, Mr. Whinnery returned to the Uni- 
versity of California to teach electrical engineering 
and to complete work on his Ph.D. degree. He is 
now professor of electrical engineering there and 


chairman of the Electrical Engineering Division. 
During summer periods he has worked at Stanford 
University, the Hughes Aircraft Company, and 
the Ramo-Wooldridge Corporation, and during an 
industrial leave in 1951-1952 he was head of the 
Microwave Section of the Hughes Electron Tube 
Laboratory. 

Mr. Whinnery is co-author with Simon Ramo of 
the text “Fields and Waves in Modern Radio,” and 
is also author of several journal papers on wave- 
guide discontinuities, antenna problems, and 
microwave tubes. 

Mr. Whinnery became an associate member of 
the IRE in 1941, a senior member in 1944, and 
received the Fellow award in 1952. He held offices 
in the San Francisco Section from 1948 to 1954, 
becoming chairman in 1953, and has been active 
in WESCON and on many national IRE com- 


mittees. He is now a director-at-large of the IRE. 
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The Next Problem in Engineering Education 


JOHN R. WHINNERY 


University of California, Berkeley, California 


We have read very much in the past few years of 
the need for more engineers, so I shall not repeat 
the arguments here. Many of you have taken part 
in the very excellent programs designed to ac- 
quaint high school students with the opportunities 
in an engineering career, and I should first like to 
point out how successful these programs have been. 
This fact, I believe, is not generally realized. To 
use our own school as an example, enrollments 
during the past two years for the university as a 
whole have risen about 14 per cent, using the same 
standards of admitting only those among the upper 
15 per cent of high school graduates. This rise re- 
flects very nearly the increased birth rate at the 
end of the depression and the population growth 
of this area. During this same period, enrollment 
in engineering has increased about 50 per cent, and 
in electrical engineering 80 per cent. Although we 
do not break down the fields of interest further in 
the early undergraduate years, I believe the pro- 
portion of those interested in the microwave field 
is remaining nearly constant in spite of the com- 
petition from several newer fields. 

Now that there is success in this first step of 
stimulating interest in engineering among new 
students, we must pass to the next one and ask, 
“What do we do with them?” 

All who have thought about the problem know 
that we must be concerned with quality as much 
or more than quantity. If we start to measure our 
success by the number of engineering degrees com- 
pared with some carefully estimated quota, or with 


those from a competitor in the cold war, we are 
lost. 

Our technology continues to become more com- 
plicated, and it is recognized that the quality and 
level of instruction must be improved. However, 
there exist many pressures toward downgrading, 
for as numbers of entrants increase, the difficulties 
of keeping a first-quality staff in the face of the 
fierce industrial competition also increase. This is 
of course not the fault of the industries, for they 
only recognize a real situation. Strictly speaking, 
it is up to the universities also to recognize it, even 
though it is difficult within the relatively inelastic 
educational budgets. The problem has been solved 
in a few schools, but I believe it is correct to say 
that in a majority of them, including many of the 
fine small ones, it is getting worse. 

Both government and industry now help the uni- 
versities in a very large way through sponsored 
research programs, fellowships, grants-in-aid, and 
cooperative programs. Many, in recognizing the 
seriousness of the problem, have felt that govern- 
ment and industry as a whole should do something 
more drastic, on a larger scale, and at once. If such 
emergency steps are taken, they must be taken 
with great wisdom so that the “shock wave” does 
not destroy the system it is planned to save. In any 
event the seriousness of the problem should be 
recognized and all possible solutions debated. We 
in schools will in the meantime need the continued 
support and advice from our friends in government 
and industry. 
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Broad-Band Balanced Duplexers* 


CLARENCE 


Summary—Balanced duplexer circuits are described and a com- 
parison is made between the two principal configurations employing 
gaseous switching devices. The balanced tr duplexer is limited in 
power-handling ability, while the balanced atr duplexer has slightly 
greater received-signal insertion loss. An analysis is made of the 
reflecting properties of an atr array, and the practical upper limit of 


the number of array elements is determined. 
A switching device which disconnects the trans- 
mitter from the receiver, usually by means of 
gaseous discharge tubes called tr’s and atr’s. There are 
at least three principal types of duplexers, each of which 
may have several variations dependent upon the specific 
application, power level to be handled, or bandwidth 
required. These types are: 1) branching duplexer, 2) 
polarization-twist duplexer, and 3) balanced duplexer. 
This classification does not cover all of the possible con- 
figurations of duplexers which employ gaseous discharge 
switches, nor does it include the duplexers employing 
ferrite-switching elements, although a large percentage 
of these ferrite devices could be included under cate- 
gories 2) and 3). 

The bandwidth of a duplexer is determined by both 
the bandwidths of the switching tubes, tr’s and atr’s, 
and the circuit configuration. The branching duplexer is 
the simplest configuration but is not inherently broad 
band. Its performance near the band edges is greatly 
influenced by the transmitter impedance. Both the 
polarization-twist and the balanced-duplexer charac- 
teristics are unaffected by the transmitter impedance 
within the useful pass band. The balanced duplexer is 
inherently capable of the greatest bandwidth, in princi- 
ple being limited only by the waveguide bandwidth. 

Balanced duplexers can take on many physical shapes. 
They may be built in coaxial line with ring hybrids or 
quarter-wave coaxial hybrids,! in slab line using cir- 
cuits equivalent to the coaxial circuits, or in waveguide 
with ring hybrids,’ directional couplers, or magic tees.? 
The switching circuits may employ either narrow-band 
or broad-band tr and atr elements of waveguide or co- 
axial construction. It is also possible to mix the wave- 
guide and coaxial construction if this has an advantage 
in a particular-application. 


DUPLEXER, in the language of radar, is a 


* Original manuscript received by the PGMTT, April 2, 1956. 
The research in this document was supported jointly by the U. S. 
Army, Navy, and Air Force under contract with Mass. Inst. Tech., 
Cambridge, Mass. 

¢ Lincoln Lab., M.I.T., Lexington, Mass. 

1C. G. Montgomery, R. H. Dicke, and E. M. Purcell, M.I.T. 
Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 
8, ch. 12, 1948. 

2L. D. Smullin and C. G. Montgomery, “Microwave Duplexers,” 
M.I.T. Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, 
N. Y., vol. 14, ch. 8, 1948. 
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It is the purpose of this paper to analyze the operation 
of balanced duplexers, in particular the configurations 
employing directional coupler hybrid junctions. The 
analysis is best carried out through use of the scattering 
matrix. 


SCATTERING MATRIX REPRESENTATION OF 
MICROWAVE CIRCUITS 


The scattering matrix representation’ lends itself ad- 
mirably to a large number of microwave problems, and 
will be used here in so far as practical to describe the 
behavior of balanced duplexers. The scattering matrix 
relates the waves traveling outward at a set of m 
terminals to those waves traveling inward at the set of 
terminals. S will be used to designate a scattering 
matrix, with subscripts added where appropriate in 
order to avoid confusion. Thus we may write 


Eo. Si 12 2° San Eun 
Eos = Ein 
: Bs hd Dh 
Ei Sal P en Ei 


The terms on the major diagonal, Sy, Sx, +: -, etc., 
are the reflection coefficients that would be measured if 
all other terminals were terminated with a match. All 
other matrix elements are transfer terms, again applying 
to the case where the terminals are reflectionless. 

In order to solve the duplexer problem represented by 
Fig. 1, it is necessary to obtain the scattering matrices 
for the switching elements and the hybrids. The switch- 
ing element is a two-terminal device and can be 


represented by 
ret & ih Q) 
Sie Su 


Fig. 1—Balanced duplexer. 


The matrix is completely symmetrical because the re- 
flection and transfer characteristics are the same when 
viewed from either terminal. The switch is a passive bi- 


§ Montgomery, Dicke, and Purcell, op. cit., ch. 5. 
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lateral device which has two operating conditions. Sy 
and S\. have two sets of values, one during the time the 
transmitter is on, and the other during the time the 
radar isreceiving. More will be said about this in a later 
section. 

The hybrid is a four-terminal device which ideally 
has the property that power supplied to a given terminal 
is equally divided between two of the three remaining 
terminals and nothing is coupled to the fourth terminal. 
It is possible to build hybrids which have a high degree 
of isolation and acceptable balance over a very wide 
band. For example, a multiple slot hybrid can have a 
directivity of 40 db and a deviation from 3 db coupling 
of 0.3 db over the 40 per cent waveguide band. If one 
properly numbers the terminals, the scattering matrix 
for an ideal directional coupler hybrid may be written 


OeaOtet acy 

LF OTOs ea 
Shae as | ban ALO (3) 
A/D 14 {0.0 

jie UilOw0 


The term Sj. is zero by definition for a perfect hybrid 
and so small in a practical unit that it can be set equal 
to zero without appreciable error. It can be proved‘ that 
for Siz=0, Sy,=0 also. In general the hybrids cannot 
be considered perfect, but for the case of the directional 
coupler hybrid, of either the multi-slot or the short-slot 
type, it has been found that calculations are sufficiently 
accurate if it is assumed that only the power split de- 
parts from ideal. The scattering matrix for this case may 


be written 
0|H 
Seen 
isl || @) 


where H is a submatrix which contains the terms de- 
scribing the power split. Eq. (4) applies to all types of 
hybrid circuits whose isolation is sufficiently good that 
Siz may be neglected. The form of A is different for 
directional coupler hybrids than for magic tee and ring 
hybrids and, as a result, the circuit configurations vary 
with the type of hybrid or combinations of hybrids used. 
Fig. 2 illustrates this. The scattering matrix for ideal 
ring hybrids or magic tees (5) may be compared to the 
scattering matrix for the ideal directional-coupler 


hybrid (3). 


Geo enieeet 
taieiy 605 eed ad 

Prin od Foeleniezsach 0 230 ©) 
Peed elleaciyouast 


The directional-coupler hybrid provides the duplexer 
circuit with the highest degree of symmetry, which 
would lead one to believe that this configuration should 


4 Tbid., ch. 9. 
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a ad 
Magi Aer) Magic Tee 
7 oe ing Hybrid 


porns b Coupler 


ad 


Switch 


c Magic Tee 
for Ring Hybrid 


Switch 


3 db 
Coupler 


Fig. 2—Several possible balanced-duplexer configurations. 


be capable of the greatest bandwidth. For purposes of 
this paper, only this type of duplexer will be considered 
from this point on. 

BALANCED HyBrip DUPLEXER THEORY 
Scattering Matrix of the Duplexer 


Using nomenclature of Fig. 1, rearranging the scatter- 
ing equations for identical switches, one can write 


Pele aba ip 
Eo. Figi Ein 
The matrix equation for the duplexer then becomes 
Eva Eia 
Ee i [= H?’ | Siw =| Ey, (7) 
Eve Reta s &ouluel ni) ad 2 Kelly Lave 
ie Eia 


H is the submatrix of (4) and may be written 


ta i4/- ie 
2 i 2 
Aes a a (8) 
/- —a 4/- +a 
2 2 
where a is a frequency-sensitive term governing the 


power split. Values of a by definition must lie in the 
range —1Sa3l. 
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There are two principal types of balanced duplexers. 
The first employs balanced tr switches which reflect the 
transmitted power into the antenna. The second type 
employs balanced arrays of atr tubes which reflect the 
received signal into the receiver. These will be desig- 
nated type I and type II respectively. The principal 
pieces of information desired are the relationships be- 
tween the transmitter and antenna during the trans- 
mitting period and between the receiver and antenna 
during the receiving period. To determine this, it is 
necessary to reduce (7) to one involving only two of the 
four terminals. This can be done by terminating each of 
the other two terminals with a load having a reflection 
coefficient I’. The two cases of interest are where 1) two 
terminals at the same end of the duplexer such as a and 
b of Fig. 1 are to be related, and 2) diagonally opposite 
terminals such as a and d are to be related. 

After rearranging (7) and introducing the reflection 
coefficients I, and I'y at the corresponding terminals, 
one may write the matrix equation 


[ed = (sup be Sie? a Su"-(PT))"P ) al (9) 


Eo» 


n=1 ib 
where 
a jV1 — a 
Pena ae | (10) 
iV l= at a 
r ie : | (11) 
Reo etal 
Relating a to d with 6 and c terminated gives 
E a = Bie 
i] (ref eanns)E] a 
Eoa a Ein 
where 
SuPiu Si2P 12 
JN (13) 
SP. SiuPuy 
SirP 12 SpP i 
= eS (14) 
SePi  SirPie 
r iis : | (15) 
eee a ta elk 


Eqs. (9) and (12) describe the circuit characteristics 
of the two types of balanced duplexers being considered 
here. From them can be computed the vswr and inser- 
tion loss during both the transmitting and receiving 
phases. This is done by supplying the appropriate values 
of Sj; and Sj, the switch tube parameters, which assume 
widely different values for the two operating conditions. 


THE TRANSMITTING CONDITION 


While the radar is transmitting, the tr and atr tubes 
will be ionized and may be represented by a short circuit. 
There is a finite voltage across these switches, but this 
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is, in any practical case, several orders of magnitude be- 
low the line voltage and may be ignored. 

In the case of the type I duplexer the tr tubes place 
a short circuit across the transmission line so that 
Su =—1 and Sj,.=0. Substituting this into (9) gives 


fl--Lete MT 
Eop jVv1 —a? a Exp 


The vswr seen by the transmitter is 


lt+a 


1—ea 


Rry = 


(17) 


and the insertion loss (neglecting the loss in the gas dis- 
charge) expressed in db is 


in = Tee ie (18) 


Same 8! 
For the type II duplexer where the atr windows are in 
the plane of the waveguide walls, the application of high 
power produces a discharge which shorts out these 
windows and the switch section appears like a piece of 
unperturbed transmission line except for the negligible 
voltage across the window. For this case $;,=0 and 
Sio=1. Substituting into (12) and expanding to n=1 


Bel | Dae ivi ct al ae 
Eop jv1 — Ta? Ex : 
Terms of order higher than ~=1 will be multiplied by 
the factor [,I,.. [; is arbitrary and is usually made to 
equal zero by connecting a matched load to terminal 6. 
Terminal ¢ is connected to the receiver, which will 
normally be protected by an auxiliary tr tube. This will 
provide a short circuit at terminal c so we may set 
Le 


The vswr becomes 


(19) 


(20) 


The insertion loss is the same as for the type I duplexer. 
In this case the reflected power is absorbed in the ter- 
mination at terminal 6 rather than being reflected back 
into the transmitter. 

The dissipation in the switch tubes is not considered 
in (18) and is obviously so small as to have negligible 
effect on the circuit performance as seen at the ter- 
minals. However in a high power radar the switch tube 
dissipation is very important, since it is one of the 
principal power limiting factors. While it is not possible 
to calculate accurately the switch tube dissipation, it is 
possible to make a comparison between the power- 
handling capabilities of the two duplexer systems if it 
is assumed that the switch tube windows are identical. 
This is not an unrealistic situation and affords a good 
starting point when considering power handling capa- 
bilities. 
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At the output of the first hybrid the currents will be 
1/+/2Io, assuming perfect hybrid balance, where Jp is 
the line current at the input terminal corresponding to 
a power Po. For the case of the type I duplexer, the tr 
tubes present a short circuit at which the current 
doubles. The window current is therefore ./2J. If Io is 
the maximum current which the window can handle, 
then it is readily calculated that the line power must be 
reduced to $Po. For the type II duplexer, the atr 
windows will be required to handle only 1/+/2Jy and it 
is therefore possible to raise the transmitter power to 
2P>) before the window capabilities are exceeded. All 
other things being equal, one would expect the atr type 
duplexer to handle four times the average power which 
can be switched by the tr type duplexer. 

The transmitter load’impedance is of importance in 
many applications. A comparison of (17) and (20), 
which are plotted in Fig. 3, shows that for the case of 
imperfect hybrids the atr duplexer has considerable ad- 
vantage over the type I. 


1tK 
|-K 
[tae 
/-«? 
10 log a Insertion Loss in db 


VSWR of Shorted Hybrid 


VSWR Through two Hybrids 


10 log = Coupling Factor in db 


Fig, 3 


THE RECEIVING CONDITION 


During the receiving interval, only very weak signals 
enter the duplexer, so the insertion loss between the 
antenna and receiver is the only feature of interest. The 
receiving situation with the type I duplexer is described 
by (12), where terminals a and d are the antenna and 
receiver respectively. I’; is the reflection coefficient of 
the transmitter, and I’, that of the arbitrary load. The 
insertion loss expanded to = 1 is 


1 


SS ee I 
SpV/1— 0+ SiS 1200/1 — a? (To +P.) ( ) 


Tri — 2) log 
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Both S,, and @ are normally small compared to unity 
within the useful pass band, so the second term in the 
denominator would ordinarily be neglected. Si; and Sip 
are the scattering coefficients for a particular tr switch. 

The multiple-element broad-band tr tube is the 
switching element most used in the type I duplexer. 
This tube consists of several (usually two or three) 
quarter-wave-coupled resonant elements plus a low-Q 
window at each end which is also quarter-wave coupled 
to the other elements. There are a number of places in 
the literature where this type of band-pass filter is dis- 
cussed.5-7 Fig. 4 shows the band-pass characteristic for 
a 1B58, from which values of Sj; and Sj, can be esti- 
mated. 


Transmission Characteristic 
IBS8 Broad-Band TR 


Mid Band Insertion Loss 
05 to 08 db 


VSWR 


frequency Aime 


Fig. 4 


During the receiving interval, the performance of the 
type II duplexer is described by (9). The switching 
circuit in this case is an array of one or more atr tubes. 
With the antenna at terminal a, the receiver at 6, the 
transmitter having a reflection coefficient Iz at terminal 
d, and an arbitrary load of I’, at terminal c, the insertion 
loss expanded to n= 1 is 


1 
SuV1—0?+S12avV/1—a?(Te+T a) ; 


In this case Sy and Sy are the scattering terms for an atr 
array. 

With the exception of those instances where one is 
interested in the duplexer behavior outside of the pass 


Lr2= 20 log (22) 


®'W. L. Prichard, “Quarter wave coupled wave guide filters,” 
J. Appl. Phys., vol. 18, pp. 862-872; October, 1947. 

6G. L. Ragan, “Microwave Transmission Circuits,” M.I.T. Rad. 
Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 9, 
p. 683, 1948. 

7 Smullin and Montgomery, op. cit., ch. 3. 
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band, the higher-order terms in the denominators of (21) 
and (22) can be ignored. In order to compare the per- 
formance of the two duplexers when receiving it is neces- 
sary to know the contributions to insertion loss made by 
the hybrids, the broad-band tr tubes, and the atr tube 
array. For type | 


Lri = 20 log 


he) 1 
20 00 = ————— OR 
or pans tied ) 


a 


12 


where Sj» is the transmission characteristic of the broad- 
band tr and a the balance factor of the hybrid. For type 
II, recalling that a broad-band tr is used in front of the 
receiver, 


pal 1 
=| 20 be 


Sul V1 — a 


Lr. = 20 log 


1 
ay (24) 


12| 


+ 20 log 


where Sj, is the reflection factor of the atr tube array 
and Sj. the transmission factor of the tr tube. All other 
things being equal it can be seen that the insertion loss 
of the atr duplexer is greater by the amount 20 log 


(1/Si|. 
THe ATR ARRAY 


An atr tube is a shunt resonant circuit which is cus- 
tomarily mounted in series with the transmission line. 
An atr mounted on the broad surface of a rectangular 
waveguide is series mounted. When mounted on the 
narrow wall, the equivalent representation is a shunt cir- 
cuit. The admittance matrix of the atr equivalent 


circuit, Fig. 5, is 
MS | =] (25) 
rar Pre tee 


where® 


: Aw 
By A mea PAC es ess rites 


i) 


(26) 


eI) Gea, 


g 


oo 


Fig. 5—Equivalent circuit of atr. 
In order to"compute the insertion loss of (22) it is neces- 


sary to obtain the scattering matrix for an array of 
tubes. This may be done by first obtaining the scattering 


8 Smullin and Montgomery, op. cit., p. 118. 
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matrix for a single tube using the relation® 


S= (1 —Y)\(r- (27) 
with the result that 
1 Le ZY 
io | |. (28) 
1+ 2yk2y, 4 


The second step is to cascade a line length @ with the 
atr circuit as shown in Fig. 6. This transformation?® re- 


be Sy2e77? | 
S2¢e778 Sy,e77?8 


sults in 


So = 


(29) 


aa 


ao _ Oe _—_——— 


Fig. 6—Basic element of atr array. 


Except for the case where a line length is added at a 
terminal (29), the scattering matrix does not readily 
lend itself to cascading circuit elements. It is much more 
convenient at this point to transform to the T matrix!!:12 


which has the form 
Bel cloa 
iy : 
Ex Eq 
To cascade m elements it is only necessary to multiply 


the T matrices in reverse order 


RE: car Re lad ae Ia 


(30) 


(31) 


The transformations from the scattering matrix to the 
T matrix are 


12 12 
T= 32 
Su ; (32a) 
Sie Sie 
T24 J 
T> 46 
feral 2 22 | (32b) 
( ee) Ti2 
La == 
T 22 T22 


The values of Sy; for several arrays of identical atr 
tubes have been determined and are tabulated below. 


* Montgomery, Dicke, and Purcell, op. cit., p. 148. 
0 Montgomery, Dicke, and Purcell, op. cit., p. 149. 

_ 1M. Tinkham and M. W. P. Strandberg, “The excitation of 
circular polarization in microwave cavities,” Proc. IRE, vol. 43 
pp. 734-738; June, 1955. 

” Montgomery, Dicke, and Purcell, op. cit., p. 150. 
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1 
Su = 142 (33a) 
y 
Lyi hy? (1 + 2y)ei 
i j 
i249 oO 
S11 = . (33b) 
1 — (1 + 2y)%ei™ 
44 
ee et yl (1 + 25)%e] 
3911 = (33¢) 
aa y [(1 — 4y%)e-78 — (1 4 2y)?] a(t 2y) [1 =e 2y)2e72 | 
re 
(i 95)? [(1 — 4y?)2e-7® — (3 — 4y?)(1 + 2y)?] + (1 + 2y) [30% — (1 + 2y)%ei?] — 4y2(1 + 2y) e728 
Si = 2 (33d) 
(ae [(1 — 4y?)2e1@ — (3 — 4y*)(1 + 2y)?] + (1 + 2y)?[3e72¢ — (1 + 2y)2e74*] + 4y? 
1 — 4y? | 
agit — AF 28 — dyt[(6 — Aye — (1 + 29) ] 
Su = Z (33e) 
Bee ad ty ep eptilayela 
(1 + 2y)8 1+ 2y 
where complexity. Fig. 8 shows that there is nothing to be 
SEP eS Aan Yea 5 OC Nee ae gained by constructing arrays of more than four ele- 
ACA ae ee pee te Sys) ments. In practice it may develop that a three-element 
Ley" array is the largest practicable because of tuning toler- 
= 26 AI) sa 2168 ji 
Boao (1 + 2y)2 BSR AF aaa: ances and other circuit features which have not been 


Fig. 7 (next page) consists of several plots of 20 log 
1/Sy. It can be demonstrated that half-wave spacing of 
identical atr tubes gives the widest pass band. Spacings 
different from half wave produce narrower pass bands 
or create “holes.” Fig. 7(c), 7(d), 7(e), and 7(f) illustrates 
the effects of spacings different from half wave and indi- 
cate the spacing tolerance that must be held in order to 
maintain an acceptable pass band. An investigation of 
the effects of tuning errors in the atr circuits has not 
been attempted. 

The curves of Fig. 7 have been plotted assuming an 
atr conductance of g=0.02. Several S-band tubes have 
been checked and it has been found that this is a 
realistic maximum figure. The resulting loss at band 
center is quite low, being less than 0.4 db for a single 
tube and less than 0.2 db for a three-tube array. 

The 1-db insertion loss point has been arbitrarily 
chosen for bandwidth determination. The curve of Fig. 
8 may be used for estimating bandwidth. This curve is 
a graphical determination from the data of Fig. 7 of the 
product BQ,. It can be demonstrated that this product 
is very nearly constant for values of Q; between three 
and ten. No attempt was made to obtain an explicit 
expression for B=f(Qz) because of the mathematical 


taken into account in this treatment. 


HyBrID CHARACTERISTICS 


The short-slot hybrid" is extensively used in balanced 
duplexer applications. Where balanced tr tubes are used 
the hybrid is customarily the side wall type, in which 
case the coupling is accomplished by means of an aper- 
ture in the common narrow wall of the waveguide. The 
top wall coupler which has two slots in the common 
broad dimension of the waveguide can also be used, and 
is a convenient configuration of the atr duplexer. Of the 
two types of short-slot hybrids, the top wall configura- 
tion has the best pass-band characteristic, but the side 
wall coupler will handle the most power. An attempt 
has been made by H. J. Riblet, originator of these types 
of hybrids, to increase the power handling ability of the 
top wall coupler by increasing the radii on the common 
wall. This has met with some success, but sufficient data 
are not available to make a valid comparison of the two 
types. Fig. 9 is a photograph of these two hybrid junc- 
tions. Fig. 10 (p. 12), shows values of a measured for a 
single model each of the side wall coupler and low-power 


13H. J. Riblet, “The short slot hybrid junction,” Proc. IRE, vol. 
40, pp. 180-184; February, 1952. 
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top wall coupler, and the average of four models of the 
high power top wall coupler. In the latter case the units 
showed very little spread in characteristic over the band, 
2600-3100 mc. 


s 
Three Tube Array 
Sal Values of @ 
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ATR TuBEsS 


The choice of an atr tube array for the type II 
duplexer will be a compromise between bandwidth per 


Mumber of Tubes 


Fig. 8—Relationship between bandwidth (B =Aw/w at 1 db) 
and number of half-wave spaced atr tubes. 
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Several S-band tubes have been procured from Bomac 
and Sylvania. Table I gives their low-level character- 


istics. 
TABLE I* 

Type Qr mfr. 
1B56 3.4 Bomac 
1B56 Slik) Sylvania 
BL623 525 Bomac 

ATR788 yao) Sylvania 
BL632 9.4 Bomac 


* g <0.02 for all tubes. 


EXPERIMENTAL S-BAND ATR DUPLEXER 


Two atr duplexers were constructed, tested at low 
level, and then operated in radar systems in order to 
compare their performance with other existing du- 
plexers. Unfortunately, the radars available did not 
have the transmitter power capabilities necessary for 
determining the useful upper limit of this type of du- 
plexer. Some observations were made, however, which 
indicate that it is capable of handling high average 
power. 


(b) 


Fig. 9 


tube and high level dissipation per tube. The higher the 
Q, the greater the number of tubes required for a given 
bandwidth, but since the high-Q tubes have narrow 
windows, the arc voltage should be lower and one might 
expect the power lost per tube to be reduced. Sufficient 
data are not yet available regarding the relationship be- 
tween dissipation and Q; to form any conclusions at this 
point, but observations seem to confirm the suspicion 
that the dissipation goes at least as rapidly as 1/Qz in 
the range 0, =3.4 to 0, =9.4. 


The first of these duplexers employed two BL623 atr 
tubes (single-tube array) as the switching elements. 
The receiving bandwidth, which was that of the atr ar- 
ray, was 3.6 per cent. Bandwidth is arbitrarily defined 
as the per cent frequency between 1-db points of the atr 
array characteristic, z¢., L=20 log (a/Sit| = Atlee 
kw average power the switch tube temperature was 
about 140°F, as compared to a temperature in excess of 
212°F for a 1B56 in a branching duplexer at the same 
power level. This is a crude comparison and should be 
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considered only as a qualitative indication of the power 
handling ability. 

The second duplexer, employing two-tube arrays in 
the switching circuit, behaved in a similar fashion at 
high level and had the predicted receiving bandwidth. 
This duplexer is shown in Fig. 11 (above). 


Calculation of the Parameters of Ridge Waveguides* 
TSUNG-SHAN CHENt 


Summary—In this paper an algebraic expression which con- 
stitutes an approximation to Cohn’s transcendental equation is given 
for the determination of the dominant-mode cutoff wavelength of 
ridge waveguides. A modified derivation of Mihran’s equation for 
calculating the characteristic impedance of ridge waveguides is dis- 
cussed. Based upon these formulas, nomographs are constructed to 
permit the determination of these parameters with sufficient ac- 
curacy when the waveguide and the ridge dimensions vary. Experi- 
mental verification of the calculated cutoff wavelength is included. 


INTRODUCTION 
Rees WAVEGUIDES have a longer cutoff 


wavelength and a lower characteristic impedance 

than conventional rectangular waveguides hav- 
ing the same internal dimensions. The ridge waveguides 
also have a wider bandwidth free from higher-mode 
interference. Because of these advantages, ridge wave- 
guides have been used as transmission links in systems 
requiring a wide free range in the fundamental mode,! as 
matching or transition elements in waveguide-to- 


* Manuscript received by PGMTT, March 14, 1956. 

+ Radio Corp. of America, Harrison, N. J. 

17, N. Anderson, “Double-ridge waveguide for commercial air- 
lines weather radar installation,” IRE Trans., vol. MTT-3, pp. 
2-9; July, 1955. 


coaxial junctions,” as filter elements, and as components 
for other special purposes.* One type of slow-wave 
structure used with traveling-wave tubes consists of a 
ridge waveguide which is made periodic by means of 
equally spaced transverse slots. The transverse resonant 
frequency of this structure corresponds to the cutoff 
frequency of the ridge waveguide.* 

In the development of tunable magnetrons, double- 
ridge waveguides have been used as external tuning 
cavities because their reduced cutoff frequency permits 
a compact cavity section. Because the electric field is 
concentrated between the ridges, satisfactory tuning 
characteristics are obtained by means of a plunger 
which short-circuits the narrow gap. In the electron- 
beam method of frequency modulation, the beam is in- 
troduced in this region of strong electric field between 
two parallel plates attached to the ridges. 


? Radio Res. Lab. Staff, Harvard Univ., “Very High-Frequency 
Techniques,” vol. II, pp. 678-684, 731-736, McGraw-Hill Book Co., 
Inc., New York, N. Y.; 1947. 

8S. B. Cohn, “Properties of ridge waveguides,” Proc. IRE, vol. 
35, pp. 783-788; August, 1947. 

4]. R. Pierce, “Traveling-Wave Tubes,” D. Van Nostrand Co., 
New York, N. Y., ch. 4; 1950. 
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Ridge waveguides are also used as H-type output 
transformers in magnetrons for the purpose of trans- 
forming the high impedance of the waveguide used for 
power transmission to the low impedance level of the 
magnetron. If a rectangular waveguide transformer is 
employed, the dimensions required for impedance 
matching may be too large, especially for magnetrons 
having short block heights. When the H-type trans- 
former is used, an effectively large width can be ob- 
tained with small physical sizes. In addition, good broad- 
band characteristics may be provided by proper selec- 
tion of the dimensions of the H section to yield a cutoff 
wavelength at least as long as that of the waveguide 
connected to the transformers. 

In these applications of ridge waveguides, the cutoff 
wavelength and the characteristic impedance are im- 
portant parameters to be known for design purposes, 
and approximate relations for their determination have 
been available.6-7 Cohn? first developed the accurate 
transcendental expressions for cutoff wavelengths of odd 
and even TE,,. modes and also expressions for the at- 
tenuation and characteristic impedance of the TEho 
mode. Recently Cohn’s work has been extended to in- 
clude unusual ridge dimensions and cross sections other 
than rectangular.*-!° In this article, emphasis is laid 
upon the calculation of the dominant mode character- 
istics of rectangular ridge waveguides. Formulas for 
finding these characteristics are expressed explicitly in 
terms of the guide dimensions, and charts are con- 
structed to facilitate computations for waveguides 
having various aspect ratios and having ridges of dif- 
ferent widths and depths. 


CuTOFF WAVELENGTHS FOR THE DOMINANT 
Mob IN RIDGE WAVEGUIDES 


Cross sections of single-ridge and double-ridge wave- 
guides are shown in Fig. 1. In the derivations, mks 
units are used unless otherwise mentioned. In Fig. 2, a 
unit length of ridge waveguide is represented by a 
lumped-constant equivalent circuit consisting of capaci- 
tance and inductance in parallel. The capacitance, C, in 
the equivalent circuit consists of the electrostatic capaci- 
tance, C;, and the discontinuity capacitance, Cy. When 
a single-ridge waveguide such as that shown in Fig. 
1(a) is operating in the dominant mode, the capacitance, 
C,, depends mainly on the region between the ridge and 


5 G. B. Collins, ed., 
Ser., McGraw-Hill Book Co., 
198-203; 1948. 

6G. L. Ragan, ed., 
Rad. Lab. Ser., McGraw-Hill Book Co., 
9, p. 57; 1948. 

7S. Ramo and J. R. Whinnery, “Fields and Waves in Modern 
Radio,” John Wiley and Sons, Inc., New York, N. Y.; 1944. 

8 Hans- Georg Unger, “Die Berechnung von Steghohlleitern,” 
Archiv Elekt. Ubertragung, Band 9, Heft 4; April, 1955. 

9 J. M. Osepchuk, “Variational Calculations on Ridge Wave- 


“Microwave Magnetrons,” M.I.T. Rad. Lab. 
Inc., New York, N. Y., vol. 6, pp. 


“Microwave Transmission Circuits,” M.I.T. 
Inc., New York, N. Y., vol. 


guides,” Cruft Lab., Harvard Univ., Cambridge, Mass., Tech. Rep. 
No. 224; May 5, 1955, 
10S, Hopfer, “The design of ridged waveguides,” IRE TRANs., 


vol. MTT-3, pp. 20-29; October, 1955. 
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Fig. pare sectional view of (a) ee 
and (b) double-ridge waveguides. 


Fig. 2—Equivalent lumped-constant circuit for a unit length 
of ridge waveguide at cutoff wavelength. 


the bottom plate, where a strong electric field exists 
This capacitance in farads per unit length of the guide 
is approximately given by 

€Q2 


C, = ie: (1) 


where e is the permittivity of the medium and in free- 
space equals 8.854 X10-" farad per meter. 

The ridge in the waveguide presents discontinuities 
to the electromagnetic waves and causes local or higher- 
order waves. The effects of these local fields are included 
in the calculation by the addition at the proper location 
of the discontinuity susceptance which is here capacitive 
in nature. By the use of Hahn’s method"! of field match- 
ing, Whinnery and Jamieson!” developed a series for the 
discontinuity capacitance, Cy, which depends on the 
step ratio, b:/b;, and, to a lesser extent, on the ratio 
d»/bo. The capacitance Cz along with the quantity 2C,/e 
is plotted in Fig. 3 as a function of the step ratio be/b,. 

This discontinuity capacitance approaches closely the 
fringing capacitance in a constricted conductor, which 
is obtained by means of Schwarz-Christoffel trans- 
formation!?:¥ 


efa?+ 1 14+ x? 4x 
C= <)==e cosh71! —) —2I\n | (2) 
T x 1— x 1 — x? 


where x = 02/6. The value of Cz found from (2) can be 
shown to agree with that given by Fig. 3. The total 
capacitance C in farads per unit length of the waveguide 
is then 


€d2 
ohn glee ey (3) 
bs 
uw. C. Hahn, “A new method for the calculation of cavity 
resonators,” J. Appl. Phys., vol. 12, pp. 62-68; January, 1941. 


12 7]. R. Whinnery and H. W. Jamieson, “Equivalent circuits of 
discontinuities in transmission lines,” Proc. IRE, vol. 32, pp. 98-116; 
February, 1944. 

13 Miles Walker, “Conjugate Functions for Engineers,” 
University Press, Cambridge, Mass.; 1933. 
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Fig. 3—Discontinuity capacitance, Cy, and the ratio, 2Ca/e 
as functions of the step ratio, bo/bi. 


The inductances in the equivalent circuit show in Fig. 
2 are determined by the sections of the waveguide on 
both sides of the ridge as shown in Fig. 1(a). The in- 
ductance, Z, in henries due to either section per unit 
length of waveguide is given by 


u(ay — az) 
2 


i= (b1), (4) 


where yw is the permittivity of the medium and equals 
4 X10~7 henry per meter for free space. For the double- 
ridge waveguide depicted in Fig. 1(b), the capacitance 
C in (3) should be halved, and the inductance L in (4) 
doubled; the cutoff frequency remains unchanged. 

At cutoff, the waves travel back and forth in the ridge 
waveguide in the transverse direction without longi- 
tudinal propagation; this condition corresponds to anti- 
resonance in the circuit shown in Fig. 2. The cutoff fre- 
quency, f.’, of the ridge waveguide in cycles per second 
is 


1 
eo + oS 5 
J 2rvV/(L/2)C > 
which, in conjunction with (3) and (4), becomes 
; 1 
fo a) 


— 2 Cy 
rvney/ (2 — =) (a, a @2)(;) 


The cutoff wavelength, X.’, of the ridge waveguide is 
given by A.’ =1/(fc’~/we) and the cutoff wavelength X, of 
rectangular waveguide of width a; by \,=2a,;. The ratio 
of these two cutoff wavelengths is 


January 


I f) AEG D : 
WE) © 
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A nomograph for the determination of .’/X. for ridge 
waveguides having known dimensions is shown in Fig. 4 
(opposite). The value of 2C,/e corresponding to a given 
step ratio, b)/b,, is found from Fig. 3. A line joining this 
value and the given point on the a/b: scales determines 
the sum (a2/b2.+2C,/e). A second line is then drawn 
connecting the two given points a;/b; and a2/a, on the 
horizontal scales and cutting the diagonal at a definite 
point. A final line from the point (@2/b2+2Ca/e) through 
this intersection determines the value of \,’/A, on the 
right-hand scale. 


CuTOFF WAVELENGTHS FOR THE HIGHER MODES 
IN RIDGE WAVEGUIDES 


To find the cutoff wavelengths of higher modes, the 
single-ridge waveguide shown in Fig. 1(a) is considered 
as a composite transmission-line system having waves 
traveling in the transverse direction.’ In Fig. 5(a), one 
half of a length, d, of the guide is represented by two sets 
of parallel plates separated by distances 6; and b:. The 
odd mode of the TE,,. wave requires a voltage loop and 
a current node at the center of the waveguide; the 
equivalent circuit shown in Fig. 5(b) should have an 
open circuit at the left end and a short circuit at the 
right end. In this circuit, 


, (: **) A mw electrical length of section x1 
; in radians. 
electrical length of section X» 


40 
O2 Sie Res, Chee Sie . . 
D in radians. 


Vee ( «) characteristic admittance of 
w\by section X,; in mhos. 
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a 

ll 
— 
eee 

| o 
ole 
ers 

ll 


section X»2 in mhos. 
B.’ = 2rf./dC aq = discontinuity susceptance for 
a length d of the composite line 


in mhos. 


The cutoff condition of the waveguide corresponds to 
resonance of the equivalent circuit,?°"4 which leads to 
an expression giving the cutoff wavelength, \.’, im- 
plicitly in terms of the guide dimensions 


( =) “| Ke ton Ne Ge 
cot] {1— _ 
by ay, Ne 2 € ay ref 2 


This equation is solved for the first order root to obtain 
the cutoff wavelength of the TE) mode and for higher- 


4 N. Marcuvitz, “Waveguide Handbook,” M.I.T. Rad. Lab. 
Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 10, pp. 
399-402; 1951. 
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RATIO OF WAVEGUIDE WIOTH 
TO RIDGE WIDTH (42/4)) 
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RATIO OF CUTOFF WAVELENGTH OF RIDGE WAVEGUIDE 
TO THAT OF CONVENTIONAL GUIDE (AC/AC 
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Fig. 4—Nomograph for the determination of the ratio, \c’/c, of the cutoff wavelength, d.’, of a 
ridge waveguide to the cutoff wavelength, \., of a conventional rectangular waveguide having 
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Fig. 5—Equivalent distributed parameter circuits for one half of a 
unit length of (a) ridge waveguide, (b) for odd modes of TEm, 
waves, and (c) for even modes, 


order roots to obtain the cutoff wavelengths of the 
higher-order odd TE,,. modes. 

Because the ratios appearing in the arguments of the 
trigonometric functions are substantially less than 
unity, these functions can be replaced by the first two 
terms of their series expansions. Eq. (8) then becomes 


by 1 2Ca by 
= (0 a i) aaa ~ | 
= bs 3 E a2 


a, 1 ay, 8 
[G-)ee $C -Pe]-+ o 
a2 3 a2 
When the cubic terms in (9) are discarded and remain- 
ing terms are solved for \,’/d., (7) is obtained. 


To improve the accuracy of ).’/A, determined from 
the chart, this approximate value is substituted only in 


the cubic terms of (9); the result is a quadratic equation 
6. or in d./X,’. This equation can be solved readily to 
obtain a more accurate value of \,.’/X<. 

The even modes of the TE,,. waves have voltage 
nodes at the center and at the end of the waveguide 
section in Fig. 5(a); the equivalent circuit for these 
modes becomes Fig. 5(c). The cutoff wavelengths of the 
TExo and higher-order even modes as determined by the 
resonance of this circuit are given by 


265 by Ne Tv ( | Ne =| 
eee ae eae ee = 1 — — })— — 
by (e ay Na 2, ay 2 2 


= - (10) 


CHARACTERISTIC IMPEDANCE OF RIDGE WAVEGUIDE 


The characteristic impedance of ridge waveguide de- 
rived on the voltage-to-current basis is used in the cal- 
culation of tuning curves for a magnetron which is tuned 
by means of a ridge cavity attached to one of the magne- 
tron resonators. This parameter is also used in imped- 
ance-matching problems. In the formulation of the 
voltage-to-current ratio, the current is separated into 
two components: 1) a longitudinal component on the 
top and bottom plates of the waveguide, which excites 
the principal fields, and 2) another longitudinal com- 
ponent at the point where the waveguide height 
changes, which produces the local fields. 
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The first component of current, J, is determined by 
the field distribution along the waveguide cross section 
as shown in Fig. 6(a) and 6(b). Cohn* derived the expres- 


sion for J.) as 


LP V iN Pre bs a 
in =— ( )( ) sin 0. + — cos 6. tan — (11) 
ZrrE by 7 by 2 


where: 


V) = the amplitude of voltage distribution at the 


center of the waveguide cross section 


Vt 


Ztn = ——————— = characteristic wave impedance. 


v-G) 


(b) (c) 


Fig. 6—(a) Cross section of ridge waveguide; (b) curve of voltage 
distribution across (a); (c) equivalent transmission line circuit. 


Because the value of capacitance given by (2) agrees 
very closely with that found by the process of matching 
fields, the second current component, Jz, can be deter- 
mined from a consideration of the electrostatic field 
existing in the discontinuity region. Fig. 7 shows the 
field distribution at the ridge corner of a unit length of 
waveguide. In the derivation that follows, W represents 
the width of the region over which the local fields are 
predominant, Q the total charge over the same region, 
and E the electric field intensity at the discontinuity. 
The potential at plane 1 in Fig. 6(c) is given by 


Vi = Vo cos 62 
and by the use of Gauss’ law 
eH(W)(1) = O = CaVi = CaVo C08 62, 
from which 
ae CaVo cos 62 
eW 


The magnetic field strength, H, in ampere-turns per 
meter is given by H=E/Zrz and the longitudinal cur- 
rent for both sides of the ridge by 
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Fig, 7—Electrostatic-field distribution at corner of 
unit length of ridge waveguide. 


2C a Vo cos A» 
—————-—- (12) 
eZrp 
Eq. (12) agrees with Mihran’s result." 
The characteristic impedance, Zo, of the ridge wave- 
guide is then 


V Low 
Li d = te ——= ) (13) 


(Ia + Tan) V( 7 my 
yee 


KG 1 Ne . by 0, 
cos #5 4 sin 0. + —cos 0, tan — 
b b 2 


€ T 2 1 


where 


I= . (14) 


Because the ratios \./A-’ and d:/a; are considerably 
less than unity for narrow ridges, cos @) is approximately 
equal to 1, sin 4: to 62, and tan 6;/2 to 6,/2. If the medium 
is free space and @ and 0,/2 are less than 20°, (14) can be 
approximated by 


(15) 


4 
€ bo 
Based upon (15) and (13) the nomograph in Fig. 8 is 
constructed for the determination of Zo, and Z». For 


double-ridge waveguides, the value of Z) found from the 
left-hand side of the chart should be multiplied by 2. 


EXPERIMENTAL VERIFICATION 


In the development of a 10-kilowatt, 825-megacycle 
magnetron, a double-ridge waveguide was coupled to 
the magnetron to maintain a constant center frequency. 
The dimensions of the double-ridge cavity in centi- 
meters were as follows: a; =16, a2=2.56, 26,=25.6, and 
26.=6. Eqs. (7) and (9) are used to obtain A,’ =2.095 X, 
where \,=32 centimeters. The guide wavelength, \,, is 


1 T. G. Mihran, “Closed- and open-ridge waveguides,” Proc. 
IRE, vol. 37, pp. 640-644; June, 1949, 
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Fig. 8—Nomograph for determination of characteristic impedance 
of ridge waveguides having narrow ridges. 


calculated from the relation 
ON 


v-() 


in which X is the free-space wavelength corresponding 
to a particular frequency. At the resonant frequency, 
the cavity length should be half the guide wavelength 
of the ridge waveguide. For wavelengths of 40 and 30 
centimeters, the calculated values of \,/2 as shown in 
Fig. 9 were 9.7 and 6.6 inches as compared with the 
measured values of 9.6 and 6.6 inches, respectively. 

The characteristic impedance obtained from (15) and 
(13) was used to check the cold resonant frequency of 
the magnetron-cavity combination as a function of the 
cavity length. The measured and calculated results were 
in close agreement. 
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RESONANT LENGTH OF DOUBLE-RIDGE CAVITY 
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Fig. 9—Tuning curve for double-ridge cavity to be coupled to 10- 
kilowatt, 825-megacycle developmental tunable magnetron, 
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Excitation of Higher Order Modes in Spherical Cavities* 


RABINDRA N. GHOSET 


Summary—An analysis for determining approximately the opti- 
mum position of the exciting source inside a spherical cavity for 
exciting any TE or TM mode is presented. For any TE or TM mode 
the orientation of the exciting probe or loop is determined by maxi- 
mizing the surface integral of H or line integral of A which is pro- 
portional to the excitation coefficient for the corresponding mode. 
Specific examples of mode discrimination by proper orientation of the 
exciting source are also included in the paper. Besides, graphs of the 
surface integral of H and the line integral of A for various modes are 
presented to indicate the variation of mutual inductance for any 
mode, for different positions of the exciting source. 


IGHER ORDER modes, that is, modes having 
Hl resonant frequencies higher than that of the 

dominant mode, can be excited in a resonant 
cavity either by a magnetic loop or by a short antenna 
or even by an aperture coupling. In general, in order to 
excite a cavity for any particular mode by a magnetic 
loop the plane of the loop is placed normal to the mag- 
netic lines for the corresponding mode and preferably at 
a region where the magnetic lines are dense. Similarly, 
in order to excite a cavity for any desired mode with a 
short antenna, the axis of the antenna is placed parallel 
to the electric lines for the corresponding mode. The 
problem of excitation of a cavity by a circular or linear 
slit or aperture can be considered as a dual problem of 
exciting the cavity by a loop or as a short antenna, 
where the excited electric and magnetic fields are 
interchanged. 

Theoretically, an infinite number of modes can be 
excited by a magnetic loop and a short antenna. How- 
ever, for a practical purpose it is often desirable to 
energize a cavity for a particular mode and to optimize 
the excitation for that mode by suitably orienting the 
exciting source. 

The problem of orientation of the source to obtain 
optimum excitation for a desired higher order mode in 
case of rectangular and cylindrical cavities is rather 
straightforward. Often determining the location of the 
source becomes obvious from the field configuration of 
the desired mode. In a spherical cavity, however, the 
field configurations are a little more complex, and 
further insight into the field distribution becomes de- 
sirable. In the present paper, attempts have been made 
to present an analytical treatment of the excitation 
problem to indicate how the exciting source should be 
oriented in order to obtain an optimum excitation for 
any desired higher order mode in spherical cavities. 
Specific examples are shown to indicate the nature of 
discrimination between the desired and undesired 
modes when the desired mode is optimized. 


* Manuscript received by the PGMTT, April 6, 1956. 
t Ramo-Wooldridge Corp., Los Angeles, Calif., formerly with 
RCA Victor Division, Camden, N. J. 


EXCITATION BY A MAGNETIC LOOP 


Let a small wire loop carrying a uniform current be 
enclosed ina cavity to energize it. Following the method 
introduced by Condon! it is often convenient to assume 
that the total magnetic potential A can be expanded in 
terms of arbitrary orthogonal modes such that 


AS, ) = DAT (1) 
and 
{ff An(S)Am(S)dV =0 for n#xm 
4 
=V for n=m (2) 


where Ax(S) is the resonant wave pattern of the mag- 
netic potential for the kth mode and is a function of 
space alone, 7,(t) is the corresponding time function, V 
is the volume of the enclosure, and k, ”, m are integers. 
Similarly, one can also assume that the time and the 
space distribution of the exciting current can be ex- 
panded in terms of J;,(t) and A;(S), that is, 


i(S, 0) = T,(t)A,(S). (3) 


The coefficients 7;,(¢) can now be evaluated by using 
the orthogonality property assumed in (2). 


aOR “ f f ib AuD)ils, Hav. (4) 


It can be shown! that for a short magnetic loop in 
which the current is confined to a wire of small cross- 
sectional area 


eet ) 
k 2: k (5) 


where M;, is the flux through the current carrying loop 
caused by unit amplitude of excitation of the kth mode. 
Therefore M; is the mutual inductance between the ex- 
citing loop and the cavity for the kth mode. 

The excitation coefficients for any mode can now be 
determined in terms of this mutual inductance, from the 
following differential equation derived from Maxwell’s 
equation and (2) and (3). 


és Wk + 1 
T, + —T. + — [62T. — T(t) | = 0 (6) 
Or Me 


where uw and € are permeability and dielectric constants 
of free space respectively, 


1 E. U. Condon, “Forced oscillations in cavity resonators,” J. 
Appl. Phys., vol. 12, pp. 129-132; February, 1941. 
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Ww, = 2m Xresonant frequency for the kth mode 

By =20/di 

\,=resonant wavelength for the kth mode 

Q;=resonant Q of the cavity for the kth mode. 

If a time variation of e** is assumed such that 
Ti = Tre 


100 i 
— wT x oh IPP cle wT, = C? arn M;,. (7) 
k V 
At resonance 
I MO: 
Tipe eas Cc 8 
| k | k vo. ( ) 


From (5) 


il a) 
wee 2 ff mas © 
si Ss 


where H;, is the magnetic field intensity for the kth 
mode normal to differential area ds on the plane of the 
current loop. 

For any particular cavity, Qx, wz, etc. corresponding 
to the kth mode are usually fixed and hence 


rong ff ms 


N being a constant. Thus, the excitation for the kth 
mode can be optimized by making the surface integral in 
(10) maximum. 


(10) 


EXCITATION BY A PROBE 


With the probe or electric coupling one can no longer 
assume that the resonator is charge free, and hence the 
introduction of both scalar and vector potential will be 
necessary to describe the entire electromagnetic field. 
Thus, 


= Sh = grad ® (11) 
where ® is the scalar potential function. 
Substitution in Maxwell’s equation gives 
te) ues 
— p—divA — V?% = p/e 
ot 
VXVXA+ ued = ils, 1) — € grad 6. (12) 


If [i(s, t) —e grad @] is expanded such that 
[i(s, 2) — e grad &] = >) 7;(é)Ax(S) 
k=0 
the expression for J;(¢) corresponding to (4) becomes 


Ik = =f ff te t) —egrad @]A,dV. (13) 


The contribution! due to the integral involving the dis- 
placement current vanishes, and so J;,(¢) remains same 
as that in (4). 
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which implies that 7; can be optimized by maximizing 
the integral. 


Loop COUPLING IN SPHERICAL CAVITY 


Let it be assumed that a spherical cavity is to be ex- 
cited for a given TE mode by a loop. One may ask 
whether there is any optimum position at which the loop 
can be placed in order to obtain maximum excitation 
for the mode under consideration and if so how to deter- 
mine this position. 

For TE spherical modes £,=0, and the amplitude of 
the radial magnetic field is maximum near the axis ¢ =0. 
Hence, it will be desirable to place the plane of the loop 
perpendicular to this axis for the corresponding mode. 
Let the coordinates of the center of the loop as shown 
in Fig. 1 be (a, 0, 0, ), and let a and 6 be the radii of the 
sphere and the loop respectively. 

The magnetic field equations? corresponding to any 
TE n, m, 0 mode are 


jn(Br) 
Br 


2 


H, = i(n + 1)nk, mal 
OU 


| P,,(cos 0)e%* 


Hy = ©™ p,'(cos 6) — —"— [arja(6r) |e 
,= BH (Gos Br ata) Brjn(Br) Je (16) 
Ay a2 0. 


where k, is proportional to the mth-mode amplitude. 
From (14), it appears that the excitation for nth mode 
can be optimized by maximizing 


f f Hand. 
S 


But as symmetry in the ¢ direction is assumed 


5 
Th) HindS = an f Hanpdp 
Ss 0 


where Hn, is the magnetic intensity for the nth mode 
normal to the loop. From Fig. 1, p=a tan 6; y’=a/cos 0 


2 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y.; 1941. The units are in unrationalized 
mks system which should not make any difference for the purpose 
of this analysis. 
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Fig. 1—Excitation of a spherical cavity by a loop. 
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where 


Expanding P, (cos 8) and interchanging the order of 
integration and summation one obtains 
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Substituting this expression for j,(Ba/cos @) in (18) and 
evaluating the integral one obtains 


|r | 
J [ onas| 
: 1 


Ta 
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where A is the area of the loop. 
The condition for maximum excitation’ is obtained by 
solving the following equation for a 


6 = 
ff Tad | = 0 (21) 
5(Bax) S 
which yields the transcendental equation 
ap = psUHiaD (22) 
jnti(Ba) 


It should be noted that (22) shows the optimum posi- 
tion for the loop to obtain maximum excitation for the 
nth mode, for m=1, provided j,(8a) 40 when @ is non 
zero. This exception is seen to be obvious from (20) since 
the excitation approaches zero at the “zeros” of j,(Ba). 
Because of symmetry it will be desirable to place similar 
loop or loops at the corresponding positions where m> 1. 

Let the case of exciting the dominant mode be consid- 
ered as an example. From (16) one finds that the first 
resonance occurs at 


tan Ba = Ba 
Ba = 4.493. 


The condition for the maximum excitation of the domi- 
nant mode is obtained from (22), which, for TE: 1,0 
mode,‘ yields a6 =0. 

In order to observe the nature of discrimination 
against undesired modes when the desired mode is 
optimized, the relative variation of | ffHndS| for 
various positions of the exciting source and for different 
modes are shown in Fig. 2. It appears that if it is de- 
sired to excite the dominant mode in a spherical cavity, 


3 If 6 is not too small in comparison with a the condition of maxi- 
mum excitation is obtained by differentiating (19) directly with re- 
spect to a and setting the result equal to zero. 

4 From (20) it may appear that this solution is not permissible as 
5a and a=0, also 5>0. But from the original equation for the mag- 
eee intensity as shown in (16) it can be shown that this solution 
is valid. 
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0.8 { 


Fig. 2—Relative variation of [/HnndS for various positions of 
the loop and for different TE modes. 


the best position at which the exciting loop can be placed 
is at the center of the sphere. An analysis for the ex- 
citation of the dominant mode ina spherical cavity by a 
loop placed at the center of the sphere has been made 
by Schelkunoff.® 

Similarly when it is desired to optimize TE 2,9 mode, 
the transcendental (22) yields a numerical solution 


It can be seen that considerable discriminations can be 
made against the undesired modes when Ba is chosen 
equal to 2.5 for TE2,:,9 mode. The optimum positions 
of the loop for other modes can be determined similarly. 
The surface integral [/H,,dS when divided by T,, as 
shown in (9) yields the mutual inductance for the mth 
mode. Thus Fig. 2 may be helpful to evaluate the mutual 
inductance of any mode for different positions of the 
loop at any frequency. 

It may be remarked here that in the preceding anal- 
ysis, the effect of distortion of the field due to the loop 
has been neglected. Furthermore, the loop has to be sup- 
ported in the desired position inside the cavity by some 
means which may cause distortion. However, if 6 is made 
reasonably small as is assumed in the analysis and the 
loop is supported by means of two parallel wires spaced 
very close to each other, the wave patterns will not 
change appreciably. If the total distortionless field com- 
ponents say //, due to all the modes is represented as 


+ 2) 


H, = 2 Qn —_ [(Br) jn(6r) |P,.(cos D) 
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the distorted field under the above said conditions may 
be represented as 


Pep ec 


[(6r)3n(B7) |Pn(cos 0) 
Br? 


5S, A. Schelkunoff, “Electromagnetic Waves,” D. Van Nostrand 
Co., Inc., New York, N. Y., p. 298; January, 1956. 
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where 
(ih, ES hn. 


This inequality, however, will not affect the analysis 
for the optimization of the coupling for any mode con- 
sidered independently. 


EXCITATION OF HIGHER ORDER TRANS- 
VERSE MAGNETIC MopES 


For transverse magnetic modes H,=0, and the loop 
excitation as described in the preceding section can no 
longer be used to excite higher order TM modes in the 
spherical cavity. A short antenna or probe (Fig. 3), in- 
troduced through the periphery of the sphere radially 
at ¢ =0, can be used, however, to excite spherical TM 
modes. 


Fig. 3—Excitation of a spherical cavity by a probe. 


For probe excitation as discussed in the previous sec- 
tion one finds 


(ges — pA — grad ©. 
When a time variation of e*' is assumed 
me Bapkeas 
A =— |E+ grad 6]. (23) 
wu 


If the depth of penetration is the only variable to cause 
any change in the excitation T;, [A,-dS becomes maxi- 


mum when 
Ibe Jn(Br) 
BX 9 Br 


is maximum, K being a constant. 
As the integral exists everywhere in the interval 
[Ga, BXo], the integral can be expressed as 


d(Br) = kf Aude (24) 


I = F(Ba) — F(BX») (25) 


where 


jn(&) 


Bie ae] 


E(%) = 
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In order to determine optimum depth of penetration 


which will optimize the line integral of A,, one can set 
dl 
et 
ax 0 


(26) 


and obtain a solution for Xo which will yield a maximum 
value of the integral I. From (25) and (26) it will appear 
that /An-dS is maximum when 


jr(BXo) = 0. (27) 


Fig. 4 shows the relative variation of {A,-dS for 
k =1, 2, which correspond to TM; 1,0, and TMo,1,9 modes, 
when the cavity is designed for TMi19 resonance which 
occurs at 


(CY SS BoA 


It may be remarked that Fig. 4 not only indicates the 
nature of discrimination against undesired TMs 1,0 
mode, but also shows the variation of the mutual in- 
ductance for TM,1,0 and TMo1,9 modes for different 
probe lengths. 

It is obvious that for any mode, X9=0, which corre- 
sponds to a probe length equal to the radius of the 
sphere, is a solution of (26). In fact, for any mode such 
as the dominant mode where no zero of j,(68X0) exists 
between Ba and 0, the probe has to be extended up to 
the center of the sphere in order to obtain the maximum 
excitation. However, the probe length can be reduced 
for any higher order mode (n>1) if the root of (27) be 
such that Ba >8X o> 0. Under these circumstances it will 
not only be desirable but also necessary to extend the 
probe up to X90, in order to avoid simultaneous exci- 
tation of the undesired modes. 

It should be noted that the distortion of the wave 
pattern of the field components has not been considered 
in the present analysis. Thus the solution of the problem 
so obtained is an approximate one, and it approaches 
the true solution when the probe is made infinitely thin. 
The field distortion due to relative change in amplitude 
of the different mode components, however, will not 
affect the analysis for the optimization of the excitation 
coefficient as stated before. 
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Fig. 4—Relative variation of /AxdS for different probe length 
when the cavity is designed for TMyio mode. 


CONCLUSION 


A theoretical analysis for the excitation of higher 
order TE and TM modes in a spherical cavity is pre- 
sented to indicate the optimum orientation of the loop 
or probe so as to obtain maximum excitation for any 
desired mode. A general expression for the position of a 
magnetic loop which can be used to excite any particular 
radial TE mode in a spherical cavity is found so that 
the excitation of the cavity for this particular mode be- 
comes maximum at the corresponding position. Simi- 
larly, an expression for the probe length, in case of an 
antenna coupling, which will yield optimum excitation 
for any desired TM mode, is obtained. Although the 
problem of excitation of higher order modes in the 
spherical cavity alone has been discussed in the present 
paper, the basic principles can easily be extended to the 
problems of optimum excitation in rectangular, cylindri- 
cal, and elliptical cavities. 
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Strip Line Hybrid Junction* 


HERBERT G. PASCALART 


Summary—The equivalent circuit of a strip line network is 
shown to display the properties of a hybrid junction. An application 
is illustrated by design of a balanced mixer and the presentation of 
the resultant measured data. 


INTRODUCTION 


N APPLICATIONS where two signal sources sup- 
| ply a common load, a high degree of isolation is re- 

quired between the two sources if impedance match- 
ing between the load and one of the sources is not to be 
affected by the output impedance of the second source. 
This requirement is readily met through the use of a 
hybrid circuit. Hybrid circuits are of two general types.! 


1) Hybrid rings or “rat races,” where the isolation is 
accomplished by having two equal coupling paths 
between the two sources. At the desired operating 
frequency these path lengths differ by one half 
wavelength. 

2) Hybrid junctions or magic tees, wherein isolation 
results from the symmetry relations between the 
electric and magnetic fields excited by the first 
input and those excited by the second input. 


In the hybrid ring the isolation is frequency depend- 
ent; however, in the hybrid junction the isolation is 
independent of frequency. An additional feature of such 
a junction is that it incorporates independent tuning 
adjustments for matching the two sources to the load. 
Consequently a hybrid junction is preferable for wide- 
band operation. For this reason a strip line hybrid 
junction was developed. 

This report describes the action of one particular type 
of strip line hybrid junction, together with the design 
aspects and experimental results obtained in a typical 
application. 


GENERAL HYBRID JUNCTION 


An equivalent circuit for the hybrid junction is given 
in Fig. 1(a), which is readily converted to the repre- 
sentation in Fig. 1(b). It is apparent that with respect 
to source 3 the loads R; and R2 appear in parallel, while 
for source 4 the loads appear in series. At the load 
junction the voltage developed by source 3 is un- 
balanced, but the voltage there resulting from source 4 
must be balanced with respect to ground. 


* Manuscript received by the PGMTT, May 3, 1956. The re- 
search in this paper was supported jointly by the Army, Navy, and 
Air Force under contract with the Mass. Inst. of Tech. 

+ Lincoln Lab., M.I.T., Cambridge, Mass, 

1C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles 
of Microwave Circuits,” M.I.T. Rad. Lab. Ser., McGraw-Hill Book 
Co., Inc., New York, N. Y., vol. 8, ch. 9; 1948. 


In strip line where the dominant mode is TEM, the 
primary problem in constructing a magic tee is the de- 
sign of a frequency insensitive balun for transforming 
the normally unbalanced transmission line to a line 
balanced with respect to ground. 


—_ 
ee 
—_ 


LL. opi 0 0 
1® 
‘| 


IDEAL 
(a) 


(b) 


Fig. 1—Equivalent circuit of magic tee junction. 


WIDEBAND BALUN 


The balun to be considered? here may be represented 
as in Fig. 2(a). The individual conductors a, b, ¢ are 
planes parallel to w, the ground plane. The equivalent 


2 E. G. Fubini and P. J. Sutro, “A wide-band transformer from 
an unbalanced to a balanced line,” Proc. IRE, vol. 35, pp. 1153- 
1155; October, 1947. 


24 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


— eI, P 


ak 


(c) 


Fig. 2—(a) Wideband balun. (b) Equivalent circuit of balun. 
(c) Modified equivalent circuit. 


circuit of this balun, for the unloaded condition at the 
output, is given in Fig. 2(b). Where the transmission 
line conductors 6 and a are planes, the transmission line 
currents J, and J; are restricted to the inside surfaces of 
a and 6. The unbalanced input line of characteristic 
impedance Z, and open circuit voltage E, is replaced 
with the equivalent current source. 

It is convenient to designate the unbalanced currents 
and voltages as symmetrical mode components J, and 
V, respectively. Likewise the balanced currents and 
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voltages are designated as antisymmetrical current and 
voltage 74 and V4 respectively. In terms of the con- 
ductor currents and voltages at the output the defini- 


tions are: 


ve Vow Vo a 
2 
Ty + Ihe. 
I, = ——— (2) 
2, 
Vuw — Vrw Vyp 
\,=- = 3 
Va 5 3 (3) 
' Ty —Ta (4) 
A= ri 


where Vyw and Vpyw are the voltages of the nodes NV 
and P with respect to the ground node W, and J, and J 
are the conductor currents of the transmission line 6—a 
entering the nodes N and P. 

The unbalance of the output voltage and current may 
be expressed by the ratios of the symmetrical to the 
antisymmetrical components. The criteria for perfect 
balun function is that these ratios both be equal to zero. 

V. Le 
Sb uot Eye (5) 
Va T4 
If the output is short circuited at the node pair NP then 
the values of the various components are: 


V, = 0 I, = 0 


on == 0 WG = iS he (6) 


For the short-circuited output both components of 
voltage are zero and the output current is completely 
antisymmetrical. Thus the transmission line to the right 
of the node pair NP may be replaced with a generator 
whose short-circuit current is completely antisymmetri- 
cal. In the modified equivalent circuit of Fig. 2(c) Z,and 
I, are the generator impedance and short circuit current 
referred to the plane of node pair NP. In the open- 
circuit condition the balun output is seen to bea reactive 
network excited by an antisymmetrical current genera- 
tor. From (1) and (5) the open-circuit condition to be 
satisfied is: 


a Vuw i Vew 
a) 


ya 


V~. = 0. (7) 


If one considers the terminal pair mw open-circuited 
this becomes 
ea CAN (8) 
This requirement is fulfilled by setting: 
Loew = Law (9) 
then for any arbitrary value of Zy 


(10) 


Vew = — Vyw. 
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Thus, although the magnitudes of the antisymmetri- 
cal or balanced short-circuit current and open-circuit 
voltage are functions of frequency, the corresponding 
values of symmetrical or unbalanced components are 
zero at all frequencies. 

The unloaded network has been shown to have perfect 
balun function independently of frequency; for this to 
remain true in the loaded condition requires the equal- 
ity of the loads, 2.e., 


Ry A Ro. (11) 


Strip LInE HyYBrip JUNCTION 


A strip line hybrid junction is shown in Fig. 3. It con- 
sists of the above described balun to which is joined a 
symmetrical mode input network formed by the con- 
ducting planes d and e together with the ground plane w. 


Fig. 3—Strip line magic tee junction. (a) Transmission line diagram. 
(b) Cross sections at plane n-p-w. 


The equivalent circuit of the symmetrical mode input 
network is given in Fig. 4. In this circuit the reactance 
of the shorted line Z),, connected between the nodes V 
and P can be excited by the antisymmetrical mode. 
Antisymmetrical currents on conductors d and e cancel 
at node K when 


Zo aw a L0 ey (12) 


Observing this condition together with the equality of 
the loads R; and R»2 insures that symmetrical input at 
terminal pair 3 produces equal voltages across the node 
pairs NW and PW. 

The equivalent circuit of the hybrid junction is given 
in Fig. 5. 

The midband wavelengths for inputs 3 and 4 are 
designated as \3 and dy respectively. The conditions for 
unity power transfer (7.e., zero reflection) at the center 
frequencies are: 


Symmetrical network 3 
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Fig. 4—Equivalent circuit of input 3. 


Fig. 5—Equivalent circuit for hybrid junction. 


therefore 
272 
(Yous a Vo.) cot = 0 
3 
Loan = Loew = V2R-Z5. 


Antisymmetrical network 4 


N4 
h=l=— 


4 
therefore 
Qn, 


(Vow: + Yo,.) cot X = (0) 


4 


Lona oa /2RZ 4. 


Assume the two center frequencies approximately 
equal and circuit Q’s low. 

Then at a frequency between the two center fre- 
quencies the inputs 3 and 4 are each closely matched to 
the loads R; and R2. Input 3 excites the loads symmetri- 
cally, input 4 excites them antisymmetrically. The ele- 
ments of the scattering matrix are thus: 
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S32 a Sos 


| 

Sa) 
ll 

DH 
II 
| 


Hence: 
SAO 
a 
Sig = Sx = 0. 


The scattering matrix thus has the form 


1 1 
0 0 _- 
AD af? 
1 —1 
O @) =- —— 
J/2 V2 
[S| = 
1 1 
—_ 1 = Q 0 
Wh a7 2 
1 —| 
—= == 0) 0) 
V2 V2 


Because of the symmetrical nature of the junction 
the power division between Rk; and Re, when fed from 
either 3 or 4 input, remains equal for all frequencies. 
The relative magnitude of symmetrical and antisym- 
metrical mode energy developed in the loads at a given 
frequency depends upon the relative value of the two 
transfer functions at the frequency in question. 

In addition to the properties of the junction discussed 
above, which correspond to those commonly associated 
with hybrid junctions, there is the property of inde- 
pendent impedance matching of the loads to the indi- 
vidual inputs 3 and 4. This feature is particularly useful 
when the loads are not purely resistive or when two 
generators of widely different frequencies are to be em- 
ployed. The length /, can be adjusted for matching the 
loads to the 3 input while /; and 7; may likewise be ad- 
justed for optimizing the match of the loads to the gen- 
erator at input 4. There is no interaction between these 
two sets of adjustments. The only restrictions are that 
lo 21, and /;SJ,. Therefore it is apparent that 3 should 
be the low frequency input. 


DESIGN OF A BALANCED MIXER EMPLOYING A 
Strip Linge Macic TEE 


Initially a strip line magic tee junction was con- 
structed following exactly the geometry as shown in 
Fig. 3(a) and 3(b). Since a balanced mixer was one of 
the more immediate applications contemplated, the line 
impedances were selected so as to provide impedance 
matching between fifty ohm input loads and two ap- 
proximately equal crystal diode impedances. In the first 
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model constructed, a pair of equal resistances equivalent 
to the crystal resistance was used to simulate the crystal 
diode loads. With this model, designed to operate in the 
uhf region, it was found possible to tune the inputs inde- 
pendently over a two-to-one frequency range, and 
throughout this region to maintain an isolation 

power in 4 or 3 

CS out 3 or :) 

between inputs in excess of 30 db. 

On the basis of these results a new model was de- 
signed with the intention of achieving a reasonably com- 
pact and convenient construction. The only additional 
transmission circuitry required for the mixer is a band 
reject filter at the output of the IF terminals of the 
crystals, to provide a very low impedance of the rf re- 
turn path to ground over a large frequency range. The 
location and construction of the filter are indicated in 
Fig. 6. The principal change in geometry was that in- 
stead of the transmission lines from 3 and 4 to the 
NPW plane lying on the same axis they were brought 
parallel to each other for reasons of space reduction and 
convenience of construction. They were, however, ar- 
ranged so that symmetry with respect to the ground 
planes was preserved. To avoid mutual coupling the 
spacing between the axes of the lines was made much 
greater than the spacing between the conductors of 
either line. In Fig. 3(a) and 3(b) all the spaces between 
the conductors are assumed to have a relative dielectric 
constant of €¢,=1. However in the actual construction, 
the space between the planes containing conductors @ 
and c as well as between conductors d and e contains 
teflon-fiberglass with e¢,=2.5. Aside from these differ- 
ences in construction the arrangement and connection 
of conductors in the second model was the same as 
shown in Fig. 3(a). 

Impedance measurements indicate that, in the uhf 
region, silicon and germanium microwave crystal diodes 
can be approximated as a parallel RC circuit with 
R=220 ohms, C=3.75 wy fd. With the load impedances 
thus determined the values of Zo,,, Zo,,, and Zo,, are 
fixed for the proper impedance transformation to the 
50 ohm inputs. Thus, with crystal diode loads, 


Zoaw = Loew = 2+/110-50 = 148.60 


for a length (A3)/4 starting at the NPW plane in the di- 
rection of input 3. For these lines e, =1. Since fs = 390 mc, 
d3/4=7.58 inches. The balun output is terminated in a 
resistance of 440 Q at the frequency f,;. To obtain the re- 
quired 8.8:1 transformation ratio within reasonable 
limits over a sufficiently wide frequency band a cascade 
of three one-quarter-wave length transformers was em- 
ployed.’ Starting at the NPW plane the characteristic 


3 J. C. Slater, “Microwave Transmission,” McGraw-Hill Book 
Co., Inc., New York; N. Y.; 1942. 
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Fig. 6—Transmission line diagram of balanced mixer, 


impedances are 225 ohms, 150 ohms, and 100 ohms re- 
spectively. With fg=450 mc and e,=2.5 (Teflon fiber- 
glass), 


ha/4/e, = 4.125 inches. 


Thus far in the design process no specification had 
been made for the characteristic impedances Zo,,, Zo,,, 
Loy 2,4, and Zo,,. Wideband impedance matching, 
however, dictates that these values be as high as pos- 
sible. Other factors restrict this choice, since in each of 
these transmission lines one or both conductors enter 
into the determination of other characteristic imped- 
ances. Because the final values of Zo,,, Zoj., Zo, and 
Zo,,, result from compromises between various design 
aspects including the physical configuration of the sev- 
eral conductors, it is well to discuss here the physical 
construction. 

The dielectric sheets employed were of a standard 
thickness; consequently the width of conductor 0 is 
established by the required value of Zo,,. Since Zo,, 
=Z»,, (225 ohms in the present case), the shunt re- 
actance across nodes M—Q due to the shorted length J; 
of transmission line 6—c, is high at the frequency, fa. 
Thus this shunting reactance will have a small effect. 

To avoid coupling between inputs 3 and 4, the leak- 
age field from conductor 6 must be kept to a minimum. 
Zero leakage would require conductors ¢ and @ to be 
infinitely wide; however, for widths greater than twice 
that of 6 the leakage is negligibly small.4 The width of 6 
is approximately 1/64 inch; thus making a and ¢ 1/16 
inch wide insures adequate shielding of 6. Widths a and 
c are fixed in this way, and the spacing to the ground 
planes is selected to give a high value of Zo, and Z»,,. 


4F. Assadourian and E. Rimai, “Simplified theory of microstrip 
transmission systems,” Proc. IRE, vol. 40, pp. 1651-1657; Decem- 
ber, 1952. 


With a 1 inch spacing between the ground planes this 
value becomes 210 ohms. 

The quarter wavelength short-circuited sections of 
lines cw and aw appear directly in parallel with the crys- 
tal diodes for an input at 3. These lines have a high 
characteristic impedance. This fact, together with the 
fact that no other shunt reactances occur and the re- 
quired impedance transformation is only 2.2:1, yields a 
very broad-band impedance match for input 3. 

Returning to considerations for input 4: Zo,, and Zo, 
remain to be determined. Zo,, actually has already been 
fixed at 80 ohms by the standard dielectric thickness and 
the previously selected widths of a and c. The widths of 
conductors d and e were chosen as small as practically 
possible to vield a value of Zo,,~220 ohms. Assuming 


then at the NPW plane, for input 4, the total load re- 
sistance of 440 ohms is shunted by a reactance 


TN 
57 tan — —- 
Den 


From this it appears that the maximum bandwidth for 
a vswr of 2:1 is 25 per cent. Clearly the useful operating 
bandwidth of input 4 will be considerably more limited 
than that of input 3. The ground plane spacings to con- 
ductors d and e was reduced to maintain Zo, and Zo,, 
at the values required for the proper impedance trans- 
formation from input 3. 

The values of the various transmission line imped- 
ances employed in the balanced mixer are listed in Fig. 
7. At the crystal output, the transmission line band 
reject filter is equivalent to the choke type convention- 
ally employed in coaxial lines. 
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Z; =Zo, =50 ohms 
Z vaw = Z ew = 210 ohms 
LZ dba =Z be = 229 Ohms 
| Z vaw = Z lew = 149 ohms 
Z ae = 80 ohms 
Z 0ge= 220 ohms 


Three stage quarter-wave section transformer 
50 ohms—440 ohms. 


| Characteristic impedance of quarter-wave sections 
100 ohms, 150 ohms and 225 ohms. 


Fig. 7—Characteristic impedances inShybrid 
junction mixer. 
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folded conductor differs very little from the equivalent 
straight conductor in the uhf region. Conductors a and ¢ 
were correspondingly enlarged to form the necessary 
outer conductor. 

Type IN263 crystal diodes were employed because of 
their convenient construction and uniformity of electri- 
cal characteristics. 


MEASURED DATA ON STRIP LINE 
HyBrip JUNCTION MIXER 


In Fig. 9 (opposite) is plotted the input vswr of the 
two inputs when J, was adjusted to tune input 3 to a 
center frequency of 560 me, J; was equal to /:, but /; was 
set to tune input 4 at a center frequency of 350 mc. Since 
the quarter-wave transformers for input 3 and 4 were de- 


. . 
: 


(b) 


Fig, 8—(a) Printed board components on the sides facing the ground planes. (b) 


(d) 


Sides facing each other. 


(c) Mixer with one of the ground planes removed. (d) Mixer completely assembled. 


The construction details are shown in Fig. 8(a) to 
8(d). The folded conductor seen in Fig. 8(b) is conductor 
b. Folded construction is employed to conserve space. 
For the particular dimensions*and spacing chosen, the 


signed for 390 mc and 450 mc respectively, there was, in 
this case, a considerable displacement from the opti- 
mum operating frequencies. As a consequence the band- 
widths and match at the center frequencies were some- 
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Fig. 9—Strip line magic tee mixer 1N263 crystals J, =0.6 ma. Input 
vswr and isolation vs frequency two sets [(a) and (b)] of , ds, Js. 
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what impaired, but are still adequate for many applica- 
tions. For a vswr $2.0:1.0 input 3 had a 15.2 per cent 
bandwidth and input 4 a 14.8 per cent bandwidth. Over 
the entire range from 300 mc to 600 mc the isolation be- 
tween the two inputs exceeds 20 db. Fig. 9(b) gives the 
same data for the case where the inputs were tuned to 
frequencies corresponding to those of their quarter- 
wave impedance transformers. In this case for vswr 
2.0:1.0, bandwidths were 3-36 per cent, 4-16.3 per 
cent. These results were very closely repeated by other 
crystals as shown in Fig. 10 where the input 3 imped- 
ance is given as a function of frequency for five different 
crystal pairs. For the data shown in Figs. 9(b) through 
12, h, 2, and 7; were kept constant. Fig. 11 (next page) 
gives the impedance spread for five crystal pairs as seen 
from input 4. Fig. 12 shows the measured range of isola- 


tion for five crystal pairs for frequencies 340 mc through 
460 me. 


Ong, 


Point Frequency (mc) 


1—340 Soy) 8—420 
ZOU 6—400 9—430 
OU 7—410 10—440 
4—370 11—450 


Fig. 10—Impedance vs frequency, input 3 typical pair of 1N263 crystals I, =0.6 ma. 
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Fig. 11—Impedance vs frequency, input 4 five pairs of 1N263 crystals J, =0.6 ma. 


CONCLUSION 


A strip line hybrid junction has been devised which 
maintains a relatively high degree of isolation between 
two inputs over a two to one frequency range. The in- 
puts are capable of being independently tunable any- 
where in these frequency ranges. Since the configuration 
is easily reproducible by printed circuit techniques, 
economy and space reduction are also available for the 
magic tee as well as hybrid rings now commonly used 
in strip line work. It would appear that this form of 
hybrid junction would be particularly well suited for 
applications in the uhf and vhf regions. 
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Fig. 12—Strip line magic tee mixer max and min isolation of five 
(1N263) crystal pairs. 
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Losses in Dielectric Image Lines* 
D. D.-KENG? ann S. P. SCHLESINGERT 


Summary—The dipole mode in a dielectric rod permits an image 
system in which half the dielectric and its surrounding field are re- 
placed by a metal sheet. If the field is allowed to extend many wave- 
lengths outside the rod, the resulting line has very low losses. The 
contribution of the image surface to line loss is calculated, and 
shown to be generally less than the dielectric loss. Radiation from 
obstacles along the line is also discussed. Such obstacles in closed 
single-mode waveguides are useful for matching purposes. Although 
matching elements are easily constructed for the image line, radia- 
tion loss proves difficult to control. 


INTRODUCTION 


OW ATTENUATION and freedom from higher 
modes are the principal advantages of the thin 
dielectric waveguide operated in the HEy or 

dipole mode. However, supports and bends are difficult 
to achieve in the open waveguide. An image system 
which takes advantage of the plane of symmetry in the 
HE), mode removes the support problem and facilitates 
the design of bends. The properties of bends and various 
circuit elements in dielectric image line have been dis- 
cussed in earlier papers.'? In the work to be described, 
losses in the image line are investigated. 

In general, three types of dissipation contribute to 
the over-all loss in the dielectric image line. They are 
dielectric loss, conduction loss on the image surface, and 
radiation. The first of these, dielectric loss, has been 
calculated for circular rods by Elsasser.* We shall extend 
his formulation of the problem to include the calculation 
of ohmic loss on the image surface. Experimental results 
on the various kinds of loss are given, including radia- 
tion caused by obstacles along the line. 


CALCULATION OF LOSSES 


The field components of the HEy, mode in a circular 
rod of radius a can be derived from the longitudinal 
components by differentiation. These are, inside the rod, 


AJ\(pp/a) cos 
BJ \(pp/a) sin 


Ez 
H, 


ll 


(1) 


and outside the rod, 
E, = CKi(qp/a) cos $ 
H, = DKy,(qp/a) sin ¢. (2) 


* Manuscript received by the PGMTT, May 5, 1956. Supported 
by AF Cambridge Res. Ctr., Air Res. and Dev. Command. 

+ Electronic Communications Inc.; formerly with Johns Hopkins 
Univ., Baltimore, Md. 

t Columbia Univ., New York, N. Y.; formerly with Johns Hop- 
kins Univ., Baltimore, Md. 

11D. D. King, “Properties of dielectric image lines,” IRE TRANS., 
vol. MTT-3, pp. 75-81; March, 1955. 

2D. D. King, “Circuit components in dielectric image lines,” 
IRE Trans., pp. 35-39; December, 1955. 

3W.M. Elsasser, “Attenuation in a dielectric circular rod,” J. 
Appl. Phys., vol. 20, pp. 1192; December, 1949, 


Here the common factor e~*+%#s has been omitted. 
The parameters p and q are related to the propagation 
constant 6 by the following relations 

8 + (p/a)? = wer 
5° — (q/a)? = wires. (3) 
The subscript 1 refers to the constants of the rod, 2 to 


the space outside the rod. Since only changes in dielec- 
tric constants are involved, it is convenient to write 


Mi = Ba 


I 


€ = €,/€. = relative dielectric constant of the rod. 


Application of the boundary conditions yields a 
secular equation giving allowed values of p and q associ- 
ated with a particular diameter-to-wavelength ratio for 
the dielectric rod, 2a/Xo. This parameter is given by 


2a 1 (prt q?\t? 
Xo % T ( ei ) 
The secular equation is 
CefePigit 8). — Cel p* e/g CU? oot 0") es Omi 
where the relative permeability uw is taken as unity and 


ee) Dillons IO 
pJi(P) qK1(q) 
To calculate the attenuation a, we must find the quan- 
tity 


1 d® 


SD 5 
b dz 4 ) 


where ® is the total power flow along the line. 


o= fsa 


Ss eS Ee == EgHoe: 


For dielectric loss in a dielectric rod of conductivity o 


we have 
d® 
= of rav. 
dz V 


We therefore obtain the following final form 


dre f (E,E,* + E,E,* + E.E,*)pdp 


2a i S.odp + f Spdp 
0 a 


The expression for attenuation obtained by Elsasser is 
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V bo, €0) 
= 25.3(edo/An)Rdb/m (do = o/wey). (7) 


Xd yon nepers, m (7 = 


The ratio factor R is a complicated function which we 
display in the appendix together with a similar factor 
for the image surface loss. 

The loss on the conducting surface of resistance 
R,= Vwu/2o is given by 


d® | 
== WI. 
dz 


This gives for the attenuation 


2R; 


ip (H,H,* + H.H.*)dp + f (H,H,* + H.H,*)dp 
0 a 


f (H,H,* + HeH.*\dp + if (H,H,* + H,H2*)dp 
0 a 
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The resonator with nichrome image surface in place 
is shown in Fig. 2. A transmission measurement was 
made to obtain the resonance curve, and hence the 
loaded Q. The end losses were separated out by varying 
the resonator length through a number of resonances. 
The resulting data are shown in Fig. 3. 

The slope of the L/Q vs length curves yields the line 
Q=8/2a, and thence the total attenuation a. Even with 


gar/2- (8) 


o=n /2 


1 


The evaluation of this expression is only slightly more 
difficult than that of (6), which was done by Elsasser. 
The resulting expression for a, is 


(8R;/do) R’ nepers/m 
(69.5R,/nho)R’ db/m. 


Ae 


(10) 


Qe 


The two ratio factors R and R’ are displayed in the 
Appendix, together with the definitions of the quanti- 
ties involved. 


COMPARISON OF DIELECTRIC AND IMAGE LOSSES 


Curves of the attenuation constants aq and a@ are 
shown in Fig. 1 (opposite). These curves show that the 
image attenuation a, is generally less than the dielectric 
attenuation in polystyrene. This is true except when the 
wave is very loosely bound and the dielectric loss be- 
comes extremely small. Even a nichrome image surface 
fails to raise a, to the level of dielectric attenuation ag 
over an appreciable range of 2a/Xo. 

Measured points are shown on the curves for both 
dural and nichrome surfaces. The total attenuation 
a=a,+asi was measured, and a calculated value of ag 
inserted to obtain a. The loss tangent for polystyrene is 
usually taken as 0.001; this value was used by Chandler‘ 
and yielded excellent agreement for ag. Since the rod 
used in the present work was milled flat under oil, and 
glued to the surface with vinylite cement, some slight 
increase in the loss tangent might occur. The value 
0.002 gives exact agreement between measured and 
predicted values as shown on the curve. The curve of ag 
shown is based on a compromise value of 0.0015 for the 
loss tangent. 


4C. H. Chandler, “An investigation of dielectric rod as wave 
guide,” J. Appl. Phys., vol. 20, pp. 1188-1192; December, 1949. 


[ S.odo + f S.pdp 
0 a 


(9) 


the nichrome image surface, B/2a@= 4000. The over-all Q 
measured for the full length resonator was about 3000 
for nichrome and 5400 for dural image surfaces. A rod 
with a smaller diameter than 5/16 inch yields a higher 
Q, but the 24-inch image surface is too narrow to prevent 
significant leakage at the edges; this results in unstable 
operation due to stray coupling. 


RADIATION Loss 


In the absence of artificial boundaries to the field, 
there is no radiation loss, 2.e., the radial component of 
the Poynting flux is purely imaginary. On the other 
hand, the launching elements, bends or obstacles as 
well as a finite image surface, provide boundaries at 
which radiation occurs. The case of obstacles suitable 
for matching purposes is of particular interest, and we 
shall confine our discussion to such matching elements. 

In hollow waveguides, an obstacle which sets up a 
reflected wave in the dominant mode also produces 
higher modes which provide reactive energy storage. 
This process is accompanied only by conduction loss, 
since the system is enclosed. In the open dielectric line, 
discontinuities in the line provide reflection in the 
dominant mode, but the higher modes excited at the 
obstacle radiate. 

To investigate this effect, a number of obstacles have 
been measured on the interferometer bridge.? For unit 
incident power, the reflected power p? and the trans- 
mitted power 7? were measured simultaneously by the 
bridge circuit shown in Fig. 4. The results for an iris of 
0.035-inch aluminum are plotted in Figs. 5 and 6 (p. 34). 
Here we note that the radiated power 
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Fig. 1—Calculated attenuation curves for ag, polystyrene dielectric, 
and a., a dural or nichrome image surface. Experimental points 
for the two image surfaces are shown for two assumed values 
of dielectric loss tangent ¢. 


r? p= 


Fig. 4—Interferometer bridge—A) launching horn, B) half-reflecting 
mirror, C) receiving horn, D) parabolic reflector and coaxial de- 
tector, E) matched load, F) obstacle under test. 


Fig. 2—Resonator for loss measurements at 9636 mc. Large arrows reduces the reflections along the line and proportion- 


show the nichrome sheet glued to the aluminum surface. Small ately increases the radiation loss. 
arrow shows field probe. A eee S 3 f : 
A plot of radiation loss y? as a function of reflection 


coefficient p? for several obstacles is shown in Fig. 7. 
is small for both small and large reflections, but becomes ‘These include the iris, + X$-inch strips, thin pins, and 
large at intermediate ranges. For small apertures the a dielectric sheet. A photograph of some of these ob- 
reflecting surface is very sensitive to alignment, as stacles placed along the line appears in Fig. 8. In 
might be expected. A slight backward tilt immediately general, the radiation loss is least for obstacles acting 
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Fig. 5—Reflected power p? and transmitted power 7” 
for unit incident power on an iris. 
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Fig. 6—Radiated power 7? for unit incident power on an iris. 


in regions of high field close to the dielectric. An obstacle 
presenting only a flat surface across the entire guide pro- 
duces no radiation, as might be expected by symmetry. 
Failing this, action on the field near or in the dielectric is 
most efficient in minimizing radiation loss. Detaching 
the field from the dielectric altogether is easy to do 
without reflections. A thin foil cover a few inches long 
performs this function admirably (see top of Fig. 7). 


CONCLUSION 


Both theory and experiment confirm the fact that an 
adequate image surface does not significantly alter the 
attenuation of the HE mode. The image loss is gen- 
erally smaller than the dielectric loss, and decreases in 
the same rapid manner with the ratio 2a/No. This per- 
mits extremely low over-all attenuation on image lines 
with a large cross section in terms of wavelength. Since 
even a nichrome surface can be operated without ob- 
jectionable losses, the type of image surface is not criti- 
cal, even at very short wavelengths. A fine polish, such 
as is desirable in hollow guide for millimeter operation, is 
not required on the large image surface which carries 
low current densities. 

The reflection data presented indicate that conven- 
tional matching elements produce appreciable radiation 
loss on an image line. A flat dielectric sheet having the 
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Fig. 8—Obstacles on the image line: (from right to left) adjustable 
matching pins; 0.20-inch unipole; 14-inch iris; and tapered 
matched load. 


desired reflection coefficient seems to be the most effi- 
cient matching element available. However, where loss 
is not important, very convenient adjustable pins can be 
mounted on the image surface to produce any desired 
reflections. 


APPENDIX 


The integration of (6) yields a final expression for 
dielectric rod attenuation given by (7) and repeated 
below 


ON 27.3(€bo/Xo) R db/m. (7) 


The ratio factor R is given as 
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Carrying out the operations indicated by (9) yields a 


final value of image surface loss 


de = 69.5(R,/ndo)R’ db/m. 


The ratio factor RX’ turns out to be 


(10) 
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For the above 


Dp 
tom f J 07(z)dz 
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Ho -{ Ko(2)dz 
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Pp 
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0 


Hy, = i} K1(z)dz 
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T = (UV — 1). 
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General Synthesis of Quarter-Wave 
Impedance Transformers* 


HENRY J. RIBLET} 


Summary—tThis paper presents the general synthesis of a radio 
frequency impedance transformer of n quarter-wave! steps, given an 
“insertion loss function” of permissible form. This procedure paral- 
lels that of Darlington for lumped constant filters by providing the 
connection between Collin’s canonical form for the insertion loss 
function and Richards’ demonstration that a reactance function may 
always be realized as a cascade of equal length impedance trans- 
formers terminated in either a short or open circuit. In particular, it 
is shown that insertion loss functions of the form selected by Collin 
are always realizable with positive characteristic impedances, and 
that the synthesis procedure, for maximally flat and Tchebycheff 
performance, involves the solution, at most, of quadratic equations. 
In addition, this procedure permits the proof of Colilin’s conjecture 
that, for his insertion loss function, the resulting reflection co- 
efficients are symmetrical. Finally, closed expressions are given for 
the coefficients of the input impedance of a given n section trans- 
former in terms of the n characteristic impedances and vice versa. 


INTRODUCTION 


OSSIBLY the most frequent problem encountered 
Pa the design of distributed constant high fre- 
quency transmission line circuits, is that depicted 
in Fig. 1, where the several unknown characteristic 


Fig. 1—Schematic of » section transformer. 


impedances are to be chosen so as to minimize the input 
vswr over a given band of frequencies. The exact solu- 
tion for a single step transformer is given by the well- 
known relationship Z,; = \/R. This result has found wide 


* Manuscript received by the PGMTT May 18, 1956. Presented 
before the IRE West Coast Convention, August 1955, San Francisco, 
Calif. Since this paper was first submitted to the Proc. IRE for pos- 
sible publication, the writer has learned of three other papers on the 
filter aspects of this theory. Why the treatment of physical realizabil- 
ity in each of these is incomplete, is discussed at the end of this 
paper. 

{+ Microwave Development Labs., Wellesley, Mass. 

1 This discussion is in no way limited to quarter-wave trans- 
formers, since the only assumption required is that the steps be of the 
same length. This special case has been chosen, however, because the 
use of quarter-wave transformers rules out the possibility of super 
match, and because it is very likely that the optimum general mono- 
tonic transformer has quarter-wave steps, since this has already been 
demonstrated by the writer in the limiting case of narrow bandwidth 
and small impedance transformation, with the assistance of a key 
theorem proved for the purpose by J. E. Eaton. 


practical application. Nevertheless, in the range of 
microwave frequencies there are many problems which 
require more elaborate transformer designs. It is only 
recently that Collin? has given exact solutions for the 
cases of two, three, and four transformer sections. 
Previously the designer had available only approximate 
solutions depending on the assumption that the indi- 
vidual reflections are so small that multiple reflections 
can be neglected. 

It is on this basis that the well known solution, that 
the logarithms of the ratios of the characteristic imped- 
ances vary according to the binomial coefficients, may 
be derived. Recently Cohn’ has used the same approxi- 
mation to obtain Tchebycheff performance in the band 
of low vswr. The same idea was applied by Riblet* to 
the equivalent directional coupler problem. 

Although approximate solutions are easier to use and 
may be adequate for most applications, they cannot, in 
general, provide limits on optimum performance and do 
not provide a satisfactory foundation for a deeper un- 
derstanding of the problem. For example, this exact 
synthesis procedure will prove certain general results 
which were only conjectured by Collin and not even 
suggested by those concerned with approximate solu- 
tions. 

Now Collin’s exact solution for cases n=2, 3, 4 is not 
a true synthesis, but rather a solution by the method of 
undetermined coefficients. He determines the insertion 
loss function of a general transformer containing ” un- 
known characteristic impedances by equating the un- 
known general insertion loss function to a special in- 
sertion loss function having the desired performance. 
The procedure leads, in general, to the simultaneous 
solution of higher degree algebraic equations each con- 
taining some or all of the unknowns. Disregarding the 
numerical difficulties involved, the process leaves a 
number of questions unanswered. Of these, the most 
important is the question of physical realizability, since 
Collin’s procedure gives no assurance that the charac- 
teristic impedances obtained from the simultaneous 
algebraic equations will be positive real numbers. With- 
out this assurance, no claim for optimum performance 
is justified. 


2R. E. Collin, “Theory and design of wide-band multisection 
quarter-wave transformers,” Proc. IRE, vol. 43, pp. 179-185; Feb- 
ruary, 1955. 

’ Seymour B. Cohn, “Optimum design of stepped transmission- 
line transformers,” IRE TRANs., vol. MTT-3, pp. 16-21; April, 1955. 

4H. J. Riblet, “Super directivity with directional coupler ar- 
tays,” Proc. IRE, vol. 40, pp. 994-995; August, 1952. 
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Now the key to physical realizability is provided by a 
theorem due to Richards,® which he has applied to the 
realization of reactance functions as a cascade of im- 
pedance transformers terminated in an open or short 
circuit.® In order to extend this synthesis procedure to a 
cascade of impedance transformers terminated in a re- 
sistance, it will be necessary and sufficient to impose 
an additional condition on the class of allowable imped- 
ance functions, and it will be shown that this condition 
is consistent with Collins’ canonical insertion loss func- 
tion so that one may proceed from the given insertion 
loss function to a step by step reconstruction of the net- 
work as a cascade of impedance transformers terminated 
in a resistance. 


THE PROBLEM 


Consider a section of uniform lossless transmission 
line of characteristic impedance Z,, phase constant 
2r/d,, and length J. Then it is readily shown that the 
voltage and current at the input to the line section are 
linearly related to the voltage and current at the output 
by the equations 


COS v9 + 7Z, Sin O49 


0; 
1; = 7 SiN Vp + Cos A% 


with 6=27/1/Xg. In vector notation this is written 


Gate 


The matrix appearing above will be called the imped- 
ance matrix. The elements appearing in it are the gen- 
eral circuit parameters; and its determinant, as a conse- 
quence of reciprocity, is equal to unity. If the line sec- 
tion is terminated in an impedance Z, so that v9 =Zz10, 
the input impedance, Z; is readily found from (1). The 
impedance matrix of a cascade of line sections, as is 
shown in Fig. 1, is obtained by multiplication of the 
impedance matrices of the individual line sections. It is 
readily shown by induction that the impedance matrix 
of a cascade of m sections will have the form, 


cos 6 7sin ie 


7 sin 6 


Sal 


¢c 


@p Cos” 6 + ay cos”™*6 + --> 
7 sin 6(a; cos"! 6 + a3cos™*@+---) 
7 sin 6(c1 cos”! 6 + cs cos™ 30+ -:-) 
{ Cy CoS” 8 + Co cos*™-2 8+ -+-- 


(2) 


with leading coefficients do, d1, Co, & all real and greater 
than zero. By a well-known theorem in the theory of 
determinants, it is known that the determinant of (2) is 


5 P. I. Richards, “A special class of functions with positive real 
part ina half-plane,” Duke Math. J., vol. 14, pp. 777-786, th. 6; Sep- 
tember, 1947. See p. 779. 

6 P. J. Richards, “Resistor-transmission-line circuits,” Proc. 
IRE, vol. 34, pp. 217-220; September, 1946. See p. 219. 
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again unity. The input impedance of such a cascade, for 
an arbitrary termination R is obtained as above by 
multiplying elements of the first column by R and divid- 
ing the sum of the resulting terms in the first row by the 
sum of those in the second. 

It will be convenient, numerically, to reverse the pro- 
cedure by constructing the impedance matrix from a 
known input impedance. This requires the identifica- 
tion of R, and the restoration of any constant multipli- 
cative factor which may have been cancelled out. Both 
of these questions are resolved by making use of the fact 
that the impedance matrix (2) must reduce to the unit 
matrix for cos @=1. 

The general theorems of analytic function theory are 
made available to us by the introduction of the frequency 
variable p= —j cos 0/sin 6.7 Now as the guide wave- 
length \, varies from zero to infinity, 7.e., over all posi- 
tive real frequencies, p ranges over all negative and 
positive values infinitely often. By theorems on analytic 
continuation, any formal result which is proved for a 
single determination of p will be valid for all the others. 
Thus we may treat p as a frequency variable in the 
familiar sense without any limitation on bandwidth. 
With this in mind, we may write 


cos@ 7sin 6Z, pies 
jsin 6 = 7sin 0} 1 : (3) 
cos 6 4 
Lig J Zig 


Thus the impedance transformation for a single section 
of line may be written, 


Z PZ tZe 


c 4 
Lie t-8Le 4) 


where Z, is the impedance terminating the transformer 
section. It is clear that the term 7 sin 6 appearing in (3) 
cancels out in (4). The same is true for the input im- 
pedance of a cascade of such transformers. The general 
input impedance of a cascade of such transformer sec- 
tions, terminated in & can readily be shown to be 


_(prboatp 2+ + )R+(artp" bastp + +++) 


Zi (5) 


apr ap Ob REP Pos pe tt. 2) 


with the o’s all real and positive. 

If we consider complex as well as imaginary values of 
p and write p=o-+ iw and consider values of Z; corre- 
sponding to values of for which o =0, we find by simple 
calculation that, whenever the real part of Z, is posi- 
tive, so is the real part of Z;. In the terminology of 
Brune,® Z; is a positive real function of p, whenever 
Zz is positive real. We thus find, as a necessary condi- 


7 This differs from the frequency variable chosen by Richards 
and was selected so that p=0 for transformer sections one-quarter 
wavelength long. 

8 Brune, “Synthesis of a finite two-terminal network whose 
driving point impedance is a prescribed function of frequency,” J. of 
Math. and Phys., vol. 10, pp. 191-236; October, 1931. 
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tion, that all impedance functions of p, of the form in 
sections 


(5), realizable as a cascade of transformer 
terminated in a resistance, must be positive real func- 
tions of p. Furthermore, we observe that the determi- 
nant of (3), neglecting 7 sin 6, is equal to p?—1. Conse- 
quently, the product of the two polynomials in (5) be- 
ginning with p" minus the product of the remaining 
polynomials is necessarily equal to R(p?—1)". This 
theorem forms the basis for the synthesis procedure and 
may be summarized as described below. 


Synthesis Theorem 

The necessary and sufficient conditions that a ra- 
tional function of p with real coefficients, written in the 
form 

my(p) + 21(p) 
m2(p) + n2(p) 
with m, and m, odd or even and m and m2 even or odd, 
be the input impedance of a cascade of u, equal-length 
transmission line sections terminated in a resistance 
are: 1) Z must be a positive real function of p, and 2) 
m,(p)m2(p) —m(p)n2(p) = C(p?—1)". That these condi- 
tions are necessary has already been proven; that they 
are also sufficient is shown in an appendix. 

Now it is well known that the insertion loss function 
P, giving the ratio of the power available from a gener- 
ator of internal impedance Kk, (to that dissipated in a 
termination of impedance Xz, through a network having 
the general circuit parameters A, B, C, D is 


| AR, + DR, + B+CR,Rz|? 
AR Ri 


P= (6) 
We thus immediately infer from (2) that the insertion 
loss function can always be expressed as an even real 
polynomial in cos 6. This is Collin’s theorem. 

If we write the power loss ratio as 


Py = 12h P; (cos? 6) (7) 


where P,, is a real polynomial of mth degree, we may at- 
tempt to select P, so that all of its zeros fall in the fre- 
quency band of low vswr. This will give the maximum 
number of frequencies of zero loss. To avoid values of 
P, less than 1, these roots must be double and we are 
led to the form, 


P, = 1+(0,?(cos 6) (8) 


where Q, is even or odd in cos 6. Collin has chosen 
Q,(cos 6)=kTn(cos 0/s) for Tchebycheff performance 
and k cos" @ for maximally flat performance, but the 
conclusions to follow will be true for any power. loss 
ratio of the form (8). 

Our problem then is to reverse the procedure above. 
We will start with a given power loss ratio of the form 
(8) and show how one may proceed step by step to de- 
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termine the characteristic impedances Z; which will 
result in the required power loss ratio. The numerical 
work is carried through most conveniently with the 
impedance matrices of the form of (2). Proof of physical 
realizability in terms of positive characteristic imped- 
ances will require the use of the synthesis theorem. 

Along the way, we shall prove Collin’s conjecture 
that Z;Zn4:-1=R and derive closed expressions for the 
o’s of (5) in terms of the Z;’s, and, conversely, express 
the Z;’s explicitly in terms of the a’s and c’s of (2). 


SOLUTION OF PROBLEM 
Now 
i 


TTP 


where |I'|? is the square of the magnitude of the input 
reflection coefficient. Thus 
t= ) 


| x 1+ Q,?(cos @) 


When cos? @ is replaced in (9) by p?/p?—1, condition 19 
of the basic theorem, plus the requirement that I’ have 
the proper value at infinite frequency, yields a unique 
determination for I’. Consider T=Z—1/Z+1. Since Z 
is to be pr, |r| <1 for all values of # in the right half 
plane. In particular, T can have no poles in the right 
half plane. Consider the zeros of 1+0Q,?(cos 6). We 
need be concerned only with the m zeros of the expres- 
sion as a function of cos”? 6. Now p?=cos? 6/(cos? @—1). 
Thus to each cos? @ root there exist two p roots differing 
in argument by 180°. Of these, one must fall in the left 
half plane except for the possibility that the two roots 
are imaginary. This is contrary to our choice of the 
power loss ratio, because it implies actual frequencies at 
which the power loss ratio is zero. Thus we select the 
n p-roots which fall in the left half plane, and use them 
to construct the denominator of I. When p is replaced 
by —j cos 6/sin 6, it will be found that 
aQ,,(cos 6) 


i ; 10 
COs” Ob) “ie 219. sim O(cos*a 6 4k ah) i 


O,n7(cos @) 


The value of the complex constant @ is uniquely deter- 
mined from the requirement that 
R-1 


T = — for cos 6 = 1. 
A al 


If [ is written in p form the same determination can be 
made by putting p= «. Having constructed I, the in- 
put impedance Z is immediately determined from the 


* For a discussion of the consequences of this assumption, the 
reader is referred to E. A. Guillemin, “The Mathematics of Circuit 
Analysis,” John Wiley and Sons, Inc., New York, N. Y., 1949, See 
ch. 6, arts. 26-27. 
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equation 


1+T 
Pe 


1-17 11) 
We must show that our construction of I’, to avoid poles 
in the right half plane, yields a function which satisfies 
the pr condition of the theorem. Now, since I is analytic 
in the right half plane, according to the maximum 
modulus theorem, the maximum absolute value which 
it can achieve in the right half plane is attained on the 
imaginary axis. By construction, however, its value here 
is given by (9) and thus |r| <1 for all values of # in the 
right half plane. From (1) the real part of Z is readily 
found to be ({1—|I'|2)|1—I'|? and thus Z is pr. 

It remains to show that the Z so constructed must 
satisfy condition 2 of the synthesis theorem. If the cos? @ 
in (9) is replaced by p?/p?—1, re 2 can be written 


LAC neal 
(p? = 1)" + Ralp") 


Now the Z obtained from (10) may be written in the 
form 


|r|? = (12) 


m(p) + n 

Ls, p i(f) (13) 

mo(p) + n2(p) 
where m, and mz are even or odd and , and m2 are odd or 
even. Since Z is positive real, it is well known?® that all 
the coefficients appearing in Z are of the same sign, and 
the degree of the numerator and denominator differ at 

most by unity. From (13), [ becomes 

m, — mo + (nm, — M2) 

r Pk: 1 2 ( 1 2) , (14) 
my, + mz + (21 + ne) 


Now since p= —/j cos 6/sin 6, |r| aie 


‘s (m, — m2)? — (m1 — 2)? 
(my + me)? — (my + 19)? 


The difference between the denominator and numerator 
of this fraction is 47(p)m2(p) —4m(p)n2(p). Comparing 
this with (12) we see that 


mi(p)m(p) — mi(p)ne(p) = Cp? — 1)”. 


Thus condition 2 is satisfied by our construction. It is 
also readily argued that the numerator and denominator 
of (13) must be of the same degree. 

Once Z is known, the first unknown characteristic 
impedance is readily determined by subjecting Z to the 
transformation inverse to (4) with Z, selected to have 
the value of Z for p=1, so that the degree of the result- 
ing impedance function is one less than the degree of Z. 
This procedure can then be repeated, and the synthesis 
theorem assures us that all of the characteristic im- 
pedances so found are real, positive numbers, 


|r|? 


10 Tbid., pp. 396-411. 
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For the purpose of numerical computation, it appears 
to be a little more convenient to use the impedance 
matrix in the form of (2) which is obtained by substi- 
tuting (10) in (11). The load resistance R and proper 
multiplicative constant for the numerator and denomi- 
nator are obtained from the condition that (2) must re- 
duce to the unit matrix for cos 6=1. If we multiply (2), 
either on the left or the right, by the inverse of (1) 


cos @ —j sin 0Z, 
— 7 sin 6 cos 6 
Ze 


the characteristic impedance, of either the first or last 
sections of the transformer may be determined from the 
condition that the resulting matrix must have elements 
whose degrees in cos @ are reduced by one. 


SPECIAL RESULTS 


We are now in a position to prove Collin’s conjecture 
that, for power loss ratios of the form 


IPs, =1 St Q,,?(cos 6) 


the impedances Z; will satisfy the relationship 
ZiL2nu—i=R. Since the numerator of |r| 2 is a perfect 
square, involving only cos 6, [see (9) ], I has the form of 
(10). Since [ is real for cos 9=1, a must be real. Conse- 
quently the input impedance has the form 


A+ jsin 6B 
D+ jsin0C 


oy) 


with C=B. Thus the impedance matrix has the form 


( A/R j sin ‘i 
j sin 0B/R ays 


(15) 


The important point is that the matrix is symmetric, 
except for the factor R, and this is the necessary and 
sufficient condition for the result. Consider 


eCOsay, —7sin 6Z, A/R 7 sin 6B 
_sin 6 ae 
= cos 6 7 sin 6B/R D 
Z1 
cos 6 —pSlinaZn 
_sin 6 (16) 
=H] cos 8 


m ) 


If one considers the term in the first row and column of 
the left hand product, Z; must be chosen so that the co- 
efficient of the highest power of cos 6 vanishes. Thus Z; 
is equal to the ratio of the highest coefficient of A divided 
by the leading coefficient in B. Thus Z;=R/Z,, if one 
applies the same argument to the right hand product. 
If one evaluates the diagonal elements in the triple 
product, it is found that they have the same type of 
symmetry as is shown in (15), Thus the same arguments 
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may be repeated with the general consequence that and 
AY A v R. ig 1 0 1 0) 1 

It should be observed that, if one assumes symmetry . 
about the other diagonal so that A =D, one is led to 1 THO 0 Ler 
insertion loss functions of the form G3 ide rat ip 0 

P, = 1+ sin? 6Q,_17(cos 6) 

and one has end-for-end symmetry of the characteristic 
impedances, and the other properties of a band-pass aoe Cok41 — dx 
filter. 1 0 1 0 

We conclude the general discussion of the problem by As iy 0 0 
exhibiting the bi-rational relationships between the co- 
efficients in the impedance function, and the character- C3 ade a x a 
istic impedances. Consider the elementary symmetric 
functions o; of the m characteristic impedances 

Cok+1 — dex ; Te iacgt | 


Zi, °° +, Zn, defined by the sums 
Cin ees oo +Ly 


where summation is taken over all combinations of the 
nm characteristic impedances taken 7 at a time. It is 
further assumed that the Z;’s in each term are ordered 
so that the index of any Z; in a term is less than the 
indices of all the Z,;’s which follow it, in same term. This 
is so-called lexicographical ordering. Then it may be 
shown by induction that the o’s of (5) may be con- 
structed from the a;’s as follows: 


o;° is constructed from o; by replacing alternate Z,’s, 
starting with the second, in each term by the re- 
ciprocal 1/Z;. 

o;° is constructed as above except one starts with the 
first Z; in each term. 


For example for 2 =3, 02°=Z3/Z1+2Z3/Z2+Z2/Z, and 
O3°=2123/ Za 

For the reverse of this procedure, it is convenient to 
assume that the input impedance is known in the form 
of the impedance matrix (2). One will find, in general, 
that 


Zivi = Ony1/Bet1 (17) 

where 

1 0 1 0 1 

ao Gt 0 0 0 

a2 Ci Cs ao 69 0 

ay C1— 63 0 

Gok Cak+1 — Cok—-1 0 
fee 0 1 0 

Qo sei 0 0 

a2 C1 — 63 a ee Al 

Gok C2k+1 — C2k—-1 2 2 cel d 


These determinations are obtained by extending the 
idea shown in the left hand product of (16). The first im- 
pedances Z1,--:+,Z, are assumed known, and the 
product of the corresponding inverse impedance trans- 
formations is written in general form with the co- 
efficients of the elements in the first row given the 
general designations, Xi, ---, X;. When this inverse 
matrix of degree k in cos @ is multiplied by the given 
impedance matrix, a matrix of degree k+ in cos 0 
results. All the coefficients of cos 6 in the first row and 
column of this matrix must be zero, except the co- 
efficient, @:41, of cos”-* 6, and the coefficients of lower 
degree terms. If we treat az41 as an unknown, we find 
that we have exactly k+1 linear equations for the de- 
termination of k+1 unknowns, X1,---, X; and ay4. 
The use of Cramer’s rule yields a;4; in determinant 
form. If the same procedure is applied to Yi, ---, Vz, 
the coefficients in the 2nd row of the inverse determi- 
nant, then 6x41, the highest nonzero coefficient of the 
lower left hand corner element of the product matrix, 
can also be determined. The value of 2,4; follows im- 
mediately. 


NUMERICAL EXAMPLE 


As an illustrative example, consider the problem of 
designing a transformer from characteristic impedance 
unity to characteristic impedance 0.440 in waveguide 
having a cutoff wavelength of 5.680 inches, subject to 
the requirement that vswr $1.05 from 2600-3600 mc. 

It is readily determined that this requires that Pz, 
shall have 3 roots in the pass band, and we select an 
insertion loss function of the form 


6 
jE en ers] een | 


Ss 


with 6=27l/\,. If 1 is to be chosen so that cos 6=0 at 
the center of the band and of equal magnitude at the 
ends of the band 


Ke Noy Age 
2(do, + Xo) 


———— 
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where \,; and A,2 are the extreme guide wavelengths. s is 
chosen by the requirement that the argument of 
T3(cos 6/s) shall be unity at the ends of the band, and 
is found to be numerically equal to 0.464. k is determined 
by the requirement that, at infinite frequency, the 
transformer shrinks to zero length and P, is that result- 
ing from the terminating impedance R. In general 
CRA 12 


———— ='1 fei eer Al 
AR ik 3°(1/s) 


and in our example k?=1.5777 X10-*. Now 


Pr-1 
C ‘) 
RT 2 
5 


ae 
yeh 
a 0.253 cos* @ — 0.0817 cos? 6 + 0.00659 cos? 6 + 12 


If, in the denominator, we make the substitution 
p= —jcos 0/sin 6, its p roots are found to be 


pi = + (1.034 + 70.351) 
po = + 0.772 
bs = + (1.034 — 70.351). 


If we select those roots lying in the left half plane, the 
denominator of I’, except for a multiplicative constant, 
is p>+2.841p?+2.790p+0.921. We may then write 


: akT3(cos6/s)(p? — 1)3/? 
 p8 + 2.841p? + 2.7906 + 0.921 


_ The multiplicative constant @ is chosen by the re- 
quirement that [T=R—1/R—1 when cos @=1 and 
p=. ThenTI may be written 
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except for a multiplicative factor in each term. Now Ry, 
and the multiplicative factor are uniquely determined 
by the condition that the impedance matrix must reduce 
to the unit matrix for cos 6=1. Thus the impedance 
matrix becomes 


te 6(5.442 cos?@—4.442) 7 sin 6(2.710 cos? | 
j sin (6.154 cos? @—1.507) cos 6(3.064 cos? @—2.064)_} 


If this is multiplied on the left by the inverse of (1) 


cos 6 —j sin 62; 
—=7 sine 
aA ee cos 6 
Zi 


4 equivalent conditions result that the powers of cos 6 
occurring in the result will be at most of second degree. 
For the coefficient of cost 0 appearing in the upper left 
hand element, one obtains the coefficient 5.442 — 6.1542, 
so that Z,=0.884. When this transformer element is 
removed, the impedance matrix for the balance of the 
transformer is 


ea cos? 6 — 1.335 


j sin 6(1.17 cos 6) ) 
j sin 6(3.52 cos 6) 


1.74 cos? 6 — 0.749 


The next step yields Z,=0.668 and a remaining trans- 
former having an impedance matrix 


Ge cos 6 


— 0.4987 sin " 
2.017 sin 8 


1.02 cos 0 
corresponding to an impedance of 0.495. The last step 


will result in the unit matrix and provides a check on 
the accuracy of the numerical calculations. 


0.921 cos 6(0.503 cos? 6 — 0.0812) 


cos 6(—3.790 cos? 6 + 2.790) — 7 sin 6(3.762 cos? 6 + 0.921) 


and the input impedance is 


cos 0(— 3.327 cos? 6 + 2.716) + 7 sin 6(—3.762 cos? 6 + 0.921) 


The fact that the imaginary parts of the numerator and 
denominator of Z are equal assures us of a transformer 
having symmetrical reflection coefficients as previously 
proven. The impedance matrix giving rise to this input 
impedance can be written 


cos 6 (—3.327 cos? 6 + 2.716) ) 
We 7 sin 6(—3.762 cos? 6 + 0.921) 
7 sin 6 (—3.762 cos? 6 + 0.921) 
Rz cos 6(—4.254 cos? 6 + 2.865) 


cos 0(— 4.254 cos? 6 + 2.865) + 7 sin 6(—3.762 cos? 6 + 0.921) 


CONCLUSION 


A general solution of the synthesis of equal length 
impedance transformers with given insertion loss func- 
tion has been obtained. It shows that optimum Tcheby- 
cheff characteristics can be physically realized and are 
true optimums for quarter wavelength transformers. 
Collin’s conjecture regarding the symmetry of the 
optimum transformer is proved and closed expressions 
are given for the bi-rational transformations relating 
the characteristic impedances to the coefficients oc- 
curring in the impedance functions. Finally it is shown 


42 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


that the determination of the characteristic impedances 
for Tchebycheff or maximally flat performance involves 
at most the solution of quadratic equations. 


APPENDIX 


We wish to prove that a rational function of p with 
real coefficients, of degree m, in numerator and denomi- 
nator written 


Ce) 


= (20) 
ms(p) + n2(p) 


with m, and m, either even or odd and then ”; and m2 odd 
or even is the impedance function of a cascade of equal- 
length impedance transformers terminated in a re- 
sistance if 1) Z is positive real; and 2) 


m(p)m2(p) — n1(p)ne(p) = C(p? — 1)”. 


This will have been shown, if we can demonstrate the 
existence of a positive real number Z, such that the 
transformation, inverse to (4), 


PV Ageay Ay 
SE (21) 
—Z + 92, 


when applied to (20), results in a rational function of 
one lower degree, with real coefficients for which con- 
ditions (1) and (2) are again satisfied. Repetition of this 
procedure must result in an impedance function which 
is a positive constant; and, at this point, the synthesis 
is complete. 

Now the genera! possibility of this reduction is the 
result of the theorem of Richards previously referred to, 
with the addition of condition (2). What is required by 
Richards is that Z(—1)=—Z(1). For the reactance 
functions considered by Richards, this is almost trivially 
true at each stage of the synthesis, and is readily de- 
rived from condition (2) for the case of resistive termina- 
tions as follows 


my(1) + 2,(1) 
mo(1) + 1(1) 


but from 2, m,(1)m2(1) =m1(1)22(1). Therefore 


my(—1) —-my(1) ny(1) ny(—1) 
= ———_ =r 


3 = te m2(—1) 


Z(1) = 


n2(—1) n(1) - my(1) 
since n;(p)/m;:(p) is certainly odd. Thus 
Z(1) =r = —Z(—1). 


We may now prove, after Richards, that, if we select 
Z, to have the value of Z at p=1, Z’ will be of one less 
degree in p and be positive real. In the first place, the 
numerator of Z’ vanishes for p=1 and hence contains 
p=1 as a factor. It also vanishes for p=—1, since 
Z(1)=—Z(—1), and so contains a factor p?—1. The 
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same statements are true for the denominator of Z’, and 
thus it too contains a factor p?—1 which may be can- 
celled out with the same factor in the numerator. Thus 
Z’ is a rational function of whose numerator and de- 
nominator are of exactly one less degree than the 
numerator and denominator of Z. 

It is pr. Consider the function (Z’—1)/(Z’+1). 
Clearly a necessary and sufficient condition that Z’ be 
pr is that | (Z—'1)/(Z’+1)| $1 for the Re (p) 20. This 
is apparent on consideration of the magnitude of the 
vectors Z’—1 and Z’+1. Now 


ZZ) -1_ Z—Z(\) p+1 
ZITA Se Ee 


(22) 


In the first place, the function on the left is analytic in 
the right half plane, since Z is known to be pr so that 
the only zero of the denominator of (22) must occur at 
p=1 where it is cancelled out by a corresponding zero 
in Z—Z(1). Now it is well known (maximum modulus 
theorem again) that an analytic function assumes the 
maximum value for its absolute values on the boundary 
of its region of analyticity. Thus the absolute value of 
(22) in the right half plane is less than or equal to the 
minimum absolute value assumed by it on the imaginary 
axis. Here | (p+1)/(p- 1)| =1. Moreover since Z is as- 
sumed pr, [Z—Z(1) ]/[Z+Z(1)]| <1. Thus 


< 


ZILA) A | 


a see 
PAS PAG Ne cal 


Ae ACU a aly 


on the imaginary and hence everywhere in the right half 
plane. Accordingly Z’/Z(1) is pr, and then so is Z’ since 
Z(1) is positive. 

The proof of the synthesis theorem will be completed 
when we argue that for Z’ written in the form 


(mx'(p) + ma'(P))/(ma!(p) + 12'(P)), 
mi'(p)me'(p) — mi'(p)ne!(p) = C(p? — 1). 


Consideration of the inverse transformation (22) shows 
that the corresponding impedance matrix has the de- 
terminant, p?—1, just as the transformation (4). Before 
any cancellation then 


my'(p)ma'(p) — mi'(p)na'(p) = Cp? — 1). 


When Z,—2Z(1), Richards’ theorem shows that a term 
p?—1 factors from both numerator and denominator. 
Actually ?—1 must factor from both even and odd 
parts of numerator and denominator, and when this is 
done the result follows. 


DISCUSSION 


H. Seidel in a doctoral dissertation dated May, 1954 
has shown that an exact synthesis can be carried 
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through, starting from an insertion loss function of 
allowed form. His procedure parallels that used in our 
numerical example. He does not introduce a complex 
variable equivalent to p, however, and thus does not 
have Richards’ theorem available for proving physical 
realizability. In particular, he makes no point of the 
second condition for the. physical realizability of an im- 
pedance function. Ozaki and Ishii," clearly state this 
second condition, but they do not parallel Darlington 


4H. Ozaki and J. Ishii, “Synthesis of transmission-line net- 
works and the design of uhf filters,” IRE TRrans., vol. CT-2, p. 325- 
336; December, 1955. 
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by starting from a given insertion loss function. E.M.T. 
Jones in the 1956 IRE CONVENTION RECORD uses a com- 
plex variable, but he makes no mention of the second 
condition for physical realizability, and appears, in his 
proof of physical realizability, to have appealed to 
Richards for a theorem which Richards did not prove. 
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An Analysis of the Diode Mixer Consisting of Nonlinear 
Capacitance and Conductance and Ohmic Spreading 


Resistance 
ALAN C. MACPHERSON+ 


Summary—A method is presented for calculating the mixer ad- 
mittance matrix Y’ which results when an ohmic impedance is con- 
nected in series with a diode mixer described by an admittance 
matrix Y. There are no restrictions on the frequency dependence of 
the ohmic impedance nor on the number of harmonic sidebands con- 
sidered. The equations are worked out in detail for the ‘low Q” 
case in which signal, image, and intermediate frequencies are con- 
sidered, and it is shown that Y’ in this case is ‘‘nearly low Q.’”? Asa 
result of this analysis the usual criterion for good high-frequency 
mixing, 1.e., that the product of the spreading resistance and the 
barrier capacitance be small compared with unity, is criticized and a 
new figure of merit is proposed. 

Explicit formulas have been derived for calculating the elements 
of Y’ when ¥ represents the parallel combination of a nonlinear con- 
ductance and capacitance. In general, these formulas are cumber- 
some, but three special cases have been considered in detail. 

Case 1: Zero spreading resistance and equal admittances con- 
nected to image and signal terminals. Results: a) The conversion 
gain is independent of the contact area. b) Regions of negative IF 
conductance are always associated with arbitrarily high gain. 

Case 2: High-frequency, small spreading resistance, image 
shorted across nonlinear conductance and capacitance. Results: 
a) The conversion loss and the IF admittance can be given by closed 
equations. b) The IF conductance can be negative. c) Regions of 
negative IF conductance are bounded by regions of arbitrarily small 
IF conductance. d) The conversion loss can decrease with increasing 
frequency. e) Low conversion loss is accompanied by narrow band- 
width. 

Case 3: The spreading resistance is zero and the image is shorted. 
Results: a) Above a certain frequency negative IF conductance is 
obtained and arbitrarily low conversion loss is possible. b) The 
situation is quite similar to that of Case 1. 


* Manuscript received by the PGMTT, May 18, 1956. 
+ Naval Research Lab., Washington, D C 


Measurements of mixer performance at the ‘‘available terminals” 
are discussed and the failure of the ‘‘phenomenological theory of 
mixing” as a basis for making such measurements is emphasized. 


INTRODUCTION 


HIS PAPER will be concerned principally with 

the mixing properties of the circuit of Fig. 1 (next 

page), where arrows indicate that g and C are func- 
tions of the voltage across them. Frequent reference will 
be made to Torrey and Whitmer! and whenever possible 
the notation used therein will be followed here. 

The circuit of Fig. 1 has been widely used, qualita- 
tively at least, as an equivalent circuit for point- 
contact crystal diodes,’ particularly for microwave work 
in which the capacitor is of importance. The part of the 
crystal diode that Fig. 1 is supposed to represent is 
shown in Fig. 2. The terminals are at the dotted lines 
AA’ and BB’. The distance from the line AA’ to the 
surface is a small fraction of the shortest wavelength in- 
volved, while the line BB’ is located so as to include 
nearly all of the spreading resistance. It can be shown 
that the latter requirement will be fulfilled if BB’ is 
several times the contact diameter away from the con- 
tact region. 

The validity of the circuit of Fig. 1 as a representation 
of Fig. 2 is open to question. It has been verified in the 


1H. C. Torrey and C. A. Whitmer, “Crystal Rectifiers,” McGraw- 
Hill Book Co., Inc., New York, N. Y.; 1948. 
2 Tbid., p. 24. 
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Fig. 1—Small-signal equivalent circuit. 


CAT WHISKER 


SEMICONDUCTOR 


Fig. 2—Point-contact crystal diode. 


several megacycle range for silicon point-contact crys- 
tals. Analysis of the mixer properties of this circuit yields 
negative IF conductance under certain conditions. This 
has been observed in H. Q. North’s welded-contact 
crystals.? The actual equivalent circuit is probably at 
least as complicated as Fig. 1. 

The region under consideration is clearly only part of 
the crystal diode; in addition, there is the rest of the 
whisker and semiconductor and various components 
necessary for proper support and protection. These com- 
ponents, however, are nearly lossless and are certainly 
linear so that the effect is simply that of an impedance 
transformer and need not be explicitly considered. In 
choosing the terminals discussed above we have in- 
cluded the region of the nonlinearity and the region of 
the important losses. The use of the “low-frequency” 
concepts of voltage, current, and lumped components is 
justified, if, to put it roughly, the distance between AA’ 
and BB’ is small compared with a wavelength. For com- 


3 Ibid., p. 398. 
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mercial crystals designed for a minimum wavelength of 
about 4cm, the contact diameter is less than 0.001 inch, 
so that the condition is well met. 

The central engineering problem of a microwave 
mixer is to relate the small-signal parameters to quan- 
tities of interest when the crystal is operated as a mixer 
—decidedly a large-signal nonlinear problem. The be- 
havior (except for noise considerations) of the mixer is 
completely specified when values are obtained for the 
elements of the mixer admittance matrix. The situation 
is much like that encountered in the theory of linear 
n poles, except that each terminal pair is associated 
with a different low-power-level frequency. Since an in- 
finite number of these frequencies exists in the mixer, 
the admittance matrix is an infinite one. Once the ad- 
mittance matrix is known, the conversion loss, IF ad- 
mittance, etc., can be calculated when specified admit- 
tances terminate each pair except the IF terminal pair. 

The complete circuit of Fig. 1 has not (to the author’s 
knowledge) been quantitatively treated in the literature. 
The case in which C is assumed linear has been treated 
rather thoroughly.* The case in which ¢ is zero but both 
g and C are nonlinear has been partially treated,> but 
only with respect to the spectacular effect of negative 
IF conductance which the nonlinear C makes possible; 
there is in this reference no calculation of conversion loss 
and no quantitative information on the effect of spread- 
ing resistance. Only the broadband (signal and image 
admittances equal) case was treated by Torrey and 
Whitmer. One of the purposes of this paper is to point 
out that at sufficiently high frequencies, the nonlinear 
capacitance in Fig. 1 can have an important effect on 
the properties of the mixer even though negative IF 
conductance does not appear. Negative IF conductance 
may not appear for one or both of the following reasons: 
Cis not sufficiently nonlinear, or the spreading resistance 
is too large. The properties of the barrier conductance 
also have some influence. 


TREATMENT OF SPREADING RESISTANCE 


In a mixer there are an infinite number of frequencies 
at low power levels. It is customary to consider only 
three of these: the signal, intermediate, and image fre- 
quencies. This approximation becomes increasingly 
poor for low-loss mixers. Since the inclusion of nonlinear 
capacitance can result in a mixer with zero conversion 
loss, the general treatment will be for any number of 
low-level signals. 

A generalization of Fig. 1 may easily be made (in 
principle) as follows: the spreading resistance ry may be 
considered complex and may be different for each low- 
level frequency of interest. he t“spreading impedance” 
will therefore be denoted by z,, where 1 denotes the 
frequency. 


4 Ibid., p. 157. 
5 Ibid., p. 406. 
6 Ibid., p. 111. 
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This might be useful if, for example, one wished to 
include the catwhisker (which has a different impedance 
at signal than at IF frequencies because of its inductance 
and skin effect) in the spreading impedance. 

Assume that the admittance matrix Y of the mixer 
not including the z,’s, is known. Now, Y may be any- 
thing, and will at first be kept general, but the case of 
most interest at present is that in which Y is the 
admittance matrix of the circuit of Fig. 1 with y=0. The 
latter is given by Torrey and Whitmer’ for the most 
general case (arbitrary number of terminal pairs, arbi- 
trary LO voltage waveform) and specialized to a con- 
sideration of signal, image, and intermediate frequen- 
cies only,* and with the local oscillator voltage (LO) 
waveform restricted to even functions. 

The frequencies of interest can be expressed as B-+nw 
where 8 is the intermediate frequency, 1 is a positive or 
negative integer, and w is the LO frequency. Current and 
voltage at the frequency 6+ nw will be denoted by 1, 
and v,, respectively. Then [= YV, where J and V are 
column matrices formed from the 7,’s and the v,’s. 

If 2,’ and v,’ are the new values after the addition of 
Zn, then t,'=t, and Un’ —1n'Zn=Un. These equations are 
substituted into J= YV and the 17,’’s are solved for in 
terms of the v,’’s. The coefficients of the v,’’s are the 
elements of the new admittance matrix Y’ which de- 
scribes the original matrix with the spreading im- 
pedance added. 

The calculation is straightforward and the results can 
be given as follows: form the diagonal matrix Z whose 
elements along the diagonal are the z,’s. Next form the 
matrix B=ZY+41, where 1 denotes the unit matrix. 
Calculate 6, the determinant of B, and all of its cofactors 
b,-, where ry and c denote row and column. Then, y,.’, 
a typical element of Y’, will be given by 


Veo. = ( > dir Vic ) /s 


where the unprimed y’s are the elements of Y. 

To illustrate the procedure, and for future reference, 
the equations will be worked out for the case of the sig- 
nal, image, and intermediate frequencies in the notation 
of Torrey and Whitmer. 

At this point Y is arbitrary and can be written 


Yan agp Vay 
Y= Vea Yep Yay }- (1) 
Dye. FAB NY 


Assume, as is customary, that the z,’s are all real and 
equal. Then 
FAV) 
Ligh Oi etiee 
(2) 
<a UE 
7 Ibid., p. 165. 
8 Tbid., p. 408. 
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1+ Yao = Yap Yay" 
ep SAO aM = Bat 1+ yer Vay (3) 
Nall Vy pt te eke Pog 
and 
Vice Vas Very’ 
Yh Dea. Von diy. (4) 
-Vra’ Yr Yay" 
where 
D¥ee a Vau011 < Veabo1 =i Vad 31 
byas’ = Yapb1r + Yapbe1 + Yyads1 


bVay’ = Vaybir + Vaybar + Vyyba1 
bY pa’ = Vao0 19 ce Vpad22 ai Vad 32 


bygs’ = Yasbis + yesbee + yyabs0 (5) 
by py) = Yarbiz + yaybo2 + Vy7bs2 
DY ve = Yaabi3 + Veabo3 + Vyabs3 
by = Vaebi3 + Yesbe3 + Vrabs3 


bY yy’ = Yaybi3 + Vaybez + Vyyba2. 


It is usually assumed that ygg is real and that there are 
no circuits 7m the mixer which can discriminate between 
the signal frequency and the image frequency, 1.e., 
V8 = Yap"; Ver = Yea") Vya=Yay", aNd Yyy=Yaa*, where the 
asterisks denote complex conjugates. If the preceding 
four conditions are all met, one says, by definition, that 
the mixer, or the mixer admittance matrix, is “low Q.”® 
Then, 


Vac Yap Vary 
Y= ypu 868 Year 
Vay" Yap" | Yaa™ 


It can then be shown that b33=0:*, 631 = 013", b32= b10*, 
boy = bog*, and be is real. From these relations and (5), it 
follows that yap’ =ye"*, Yaa’ =Vry'*, Va’ *=Yay’s 
Vea’ =Vey'*, and bygg’ is real. Since 6 is not, in general, 
real, yge’ is not real and the mixer is not low Q. A mixer 
which meets all the requirements of a low Q mixer except 
that yee’ be real will be termed “nearly low Q.” If the 
time zero is properly chosen, yg,’ can be made real and 
then 


Vac Vas Vay 
VY’ =| feu Yee 6a 
Movi!) Nabe piven: 


There would seem to be little point in presenting the 
long expressions for the y’’s but, since each 6;; appears 
several times in Y’, the following formulas may be 


9 Thid., p. 115. 
10 Thid., p. 117. 
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useful 
bi, = (1 + gear) (1 + yaa*r) — r*yap* ¥pa* 
bis = rr VeaVas™ a Pert + £gar) 
bis = 1 yBa* Yay" — TYpal(1 + Yaa") 
1 VBa Vay Ya e (6) 
bo, -— Pe Van | irk rYaa(1 ni Yao?) 
boo = | 1+ Yaar \? TF" | Yay |? 
b= (14+ yaor)bir + Yagrdie2 + Yayrbi3. 


Finally, in order to compute Y’ for the circuit of 
Fig. 1, one uses for Y the formulas in Torrey and 
Whitmer! for the general case (LO waveform arbi- 
trary), or those for the case of LO waveform “even.” 

At microwave frequencies the terminals to which Y’ 
refers are not available for measurement. If for example, 
one is dealing with a waveguide mixer, impedance meas- 
urements must be made in the waveguide at some 
distance (so that higher modes will die out) from the 
terminals to which Y’ refers. In addition, there will be 
“parasitic” impedances associated with the mechanical 
mounting of the point on the crystal. This problem may 
be present to a lesser extent for the intermediate fre- 
quency. One can formally handle this by connecting a 
four-pole (usually nearly lossless) on each of the terminal 
pairs. A new admittance matrix will result, Y’’, which 
describes the mixer at terminals which are actually 
available for measurement. It is intuitively clear that 
if all the four-poles are linear and if the four-poles con- 
nected to the signal and image terminals cannot dis- 
criminate between these two frequencies, Y’’ will be 
nearly low Q. The proof would be quite similar to the 
above proof that Y’ is nearly low Q and has been given 
in essence by Peterson and Llewellyn.!® The fact that 
these authors were treating the case of the linear capaci- 
tance is immaterial. 


QUALITATIVE STATEMENTS CONCERNING THE EFFECT 
OF FINITE SPREADING RESISTANCE 


There is a frequently employed argument that for 
good high-frequency performance, wCr should be much 
less than one. In the first place, since the barrier 
capacitance is a function of bias, it is not clear what is 
meant by C in the above expression. Presumably one is 
to assume that the barrier capacitance is linear. Even 
so, the above criterion does not appear to be useful or 
accurate. Consider the two extreme instances, the first 
in which wCr is small because 7 is very small while wC 
is finite, and the second in which wCy is small because 
wC is very small, while 7 is finite. If the above criterion 


1 [bid., p. 166. 

2 [bid., p. 408. 

13L, C. Peterson, and F. B. Llewellyn, “The performance and 
measurement of mixers in terms of linear-network theory,” Proc. 
IRE, vol. 33, pp. 458-476; July, 1945. : 
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is correct, these two cases should give about the same 
high-frequency performance. In the first case, the low- 
frequency conversion loss will be low (assume that in 
both cases the barrier conductance is sufficiently non- 
linear), and the high-frequency conversion loss will be 
identically low. This is true because of the general 
theorem that a reactive network placed in tandem with 
a four-pole does not change its conversion loss. Or, if 
proof for a particular case is desired, (15) in this paper 
and (17) in Torrey and Whitmer,“ may be used to calcu- 
late the conversion loss L. It will be noted that wC, 
where Cy is the linear capacitance, appears only in the 
combination wCy+, and since 6, is arbitrary, Z will be 
independent of frequency. In the second instance, how- 
ever, L will be very high for both the low-frequency and 
the high-frequency case. 

The case of the linear capacitor is treated in Torrey 
and Whitmer,” and the equations for the elements of 
Y’ are also given.!® The quantity wCr does appear re- 
peatedly, but this is not the whole story by any means 
since 7 appears in other ways also. This must be so, be- 
cause obviously, in the low-frequency case, in which 
wC> is negligible, large r will impair the performance. 

One would like to enunciate a rule or rules of thumb 
for low L for the circuit of Fig. 1 at all frequencies. It is 
clear that the requirement on 7 is that the elements of 
Y’ be nearly equal to the elements of Y. Eq. (5) indi- 
cates that the requirements on 6 and the 6,,’s are that 
b and b, be close to one and that 6,3, bn, and by. be 
nearly zero. Eq. (6) shows that the only conditions 
which will simultaneously satisfy the above conditions 
are that y;;7 be small compared with one. Using (6), one 
obtains the result that gv<«1 and wCr<1. Since g and 
g. must be equal to or less than go, and C, and C2 must 
be equal to or less than C, it is sufficient to require that 
gor and wCor be small compared with one. Adding con- 
ditions for nonlinearity, one can say that at low fre- 
quencies the requirements are gigo/go?&1 and gor&1 
while for high frequencies the additional requirements 
are CiC2/Cy°==1 and wCor <1. Perhaps it is not too far 
fetched to propose, for an over-all wideband figure of 
merit, that g1g2C,C2/go°Co’r? be large compared to one. 

For the point-contact geometry, 7 increases as the 
diameter of contact decreases while the C,’s and g;,’s de- 
crease with the area of contact.!7 This is a possible ex- 
planation for the well-known fact that, particularly for 
high frequencies, small contacts are necessary for low 
L. It is worth pointing out that this is due completely 
to the geometry of the point contact which is roughly 
planar for the C,’s and g,’s but three-dimensional for 
r. In a completely planar geometry, for example, L 
would be independent of the cross-sectional area. 


4 Torrey and Whitmer, op. cit., p. 409. 
DOM (Oe USM. a i 

16 Tbid., p. 160. 

1” [bid., p. 98. 
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OPERATIONAL MEANING OF THE ELEMENTS OF Y’’ 


Probably the most straightforward and elegant way 
to measure and express the properties of a mixer is by 
means of the elements of Y’’. This information, after all, 
completely describes the properties of the mixer at a 
given bias and LO drive, just as the elements of the 
admittance matrix of any linear ~ pole described its 
properties. Equipped with this information the engineer 
can calculate the conversion loss, the IF impedance, and 
other properties as a function of the signal and image 
termination. 

In Torrey and Whitmer'® there is a discussion of what 
is called the Phenomenological Theory of Conversion 
(PTC). According to this theory, one can calculate the 
elements of Y’’ for the case of signal, image, and inter- 
mediate frequencies from a series of measurements of 
the rectifying properties of the crystal made at LO power 


levels; the theory does not appear to be applicable to 
the mixer which includes a nonlinear capacitance. Dur- 
_ ing the war almost all the measurements of the elements 


of Y’’ were based on the PTC, and at the present time 
the JAN specifications are based on this method. Never- 
theless, the method is highly questionable, particularly 
if the capacitance is nonlinear. It would therefore seem 


| pertinent to outline a general method for measuring the 
elements of Y’’, regardless of the equivalent circuit of 


the mixer. The equations for mixer IF admittance yg 


_ and for mixer conversion loss L are?® 


Veo vigg eae (7) 
Vou + Ya 
and 
L= Wgg (8) 
where 
W = | ye + Veal? 4 (9) 
ga| Veal? 


As before, a, 8, and y refer to the signal, intermediate, 
and image frequencies, respectively; the Y,,’s are the 
elements of the 2X2 admittance matrix VY», which is 


formed from the 3X3 matrix Y’’ by specifying a termi- 
nation at the image terminals; y, is the signal admit- 
| tance; ga is the real part of ya; and gg is the real part 


of ys. The relationships between the elements of Y’’ 
and Y, are”® 


VorVor™ 
Vee ay Co ar Sait op (10) 
Vaa te Ve 
Yay Yap 
So eee (11) 
Ya + Ye 
18 Thid., p. 119. 
We Tbid., py 130: 
20 Thid. 
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ox it aah 
Voli fi espetectin dads (12) 
Vea te Ne 
Yea" Vap™ 
V3 = — ——— 13 
fe EE (13) 


where y, is the admittance at the image terminals. Note 
that the capital letters indicate the elements of Y2 and 
the small letters indicate the elements of Y’’. For con- 
venience, the elements of Y’’ are not primed. 

It is known?! that yg. can be made real by a proper 
choice of the origin of time. If yga is a particular value 
of yga for some particular choice of time zero, then the 
general form of Yga is: Yga=eXp(—Jwto)¥sa where fo is 
arbitrary. In the same way, Yey=Yay exp(2jwto) and 
Yau =Vao. By substituting into (12), the following gen- 
eral expression for Ygq is obtained: Vga =exp( —jwto) Yea, 
where Yq is a value of Vga for some choice of time zero. 
Now Yq is in general complex, but by proper choice of 
to, Yea can be made real. In what follows it is assumed 
that Yg. is real and it will be denoted by Gga. 

The parameters to be measured are the elements of 
Y’’. The general procedure is as follows: first, set y- at 
some known value, y.. Second, measure yg for three dif- 
ferent known values of ya. Eq. (7) can now be used to 
solve for Ypgg!, Yao, and VYag'Gg/, the J’s corresponding 
to the value of y,. Third, Z and gg are measured for any 
known value of ya, and from (8) and (9), Gg is ob- 
tained. L can be measured by any reliable method such 
as the heterodyne method”® using either a cw or noise 
signal, and gg can be measured with an rf bridge. Thus, 
a complete set of Y;;’s is obtained. The above procedure 
is repeated for a different value of y, and a second set 
of Y;;’s is obtained. This is more than enough informa- 
tion to solve for the elements of Y’’ by using (10) 
through (13) twice. 

The practical measurement is complicated by the fact 
that ya and y, are not easily varied independently. This 
is because the waves associated with the two admit- 
tances are located physically in the same transmission 
line. Thus one must resort to frequency-sensitive termi- 
nations in order to vary ya and y, independently. It ap- 
pears that an excellent pair of choices for y, would be 
infinity and zero, for then Y;/)=y,; and the only re- 
maining unknown would be yay. Then from (11) 


Very Vos 


* 
Vaa 


Vas'! = Yas — 


Yay can be obtained. The above method would appear 
to be practical. The values infinity and zero for y, can 
be approximated by inserting a transmission type cavity 
in the line tuned to the signal frequency. Variation of 
ya could be accomplished either by varying a termina- 


4 Tbid., p. 116. 
2 Thid., p. 200. 
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tion on the far side of the cavity, or by detuning the 
cavity (ve would have to be measured with, for example, 
a standing-wave machine). In the case of y,, it could 
probably be assumed that the corresponding standing- 
wave ratio would be infinite. Note that no microwave 
impedance measurements at the microwatt level are 
necessary. Since the author has never made measure- 
ments of this type, he cannot vouch for the success of 
the above method. Nevertheless, it clearly demon- 
strates the operational meaning of the elements of Y’’. 


CALCULATIONS OF L, yg, AND, gg 


Once the admittance matrix Y’ has been calculated 
by the procedure given under the section on “Treatment 
of Spreading Resistance,” (7), (8), and (9) can be used 
to calculate L, yg, and gg. It is clear that for the general 
case, these equations will be extremely complicated. 
There is an additional complication owing to the fact 
that, in general, one wishes these quantities as a function 
of ya and y,. It would appear quite feasible, however, to 
make numerical calculations, particularly if a computer 
is available, and it is planned to do so. However, if one 
chooses highly idealized cases some manageable equa- 
tions can be obtained. 


Case 1 


Assume that r=0, and that the image and signal are 
terminated with equal admittances (broadband case). 
Insofar as gg is concerned, this case is treated in Torrey 
and Whitmer.*® For convenience, Y, which in this case 
is equal to Y’, is reproduced here: 


Ee ae JC £1 tf Joly 82 = JoC2 
81 


80 £1 
ih Jay 


Y’ = (14) 


bee a JC 


There are some additional relationships which are not 
mentioned in Torrey and Whitmer: C; < Co, C2< Co, and 
2C;?/CoSCo+C2. These relations hold for the same 
reasons that the equivalent ones hold for go, g:, and go.*4 

The statement is frequently made that when the fre- 
quency is high, the area of the point contact must be 
made small in order to reduce the capacitance. This is 
not true, however, when 7=0. The C;’s and the g;,’s are 
so intimately related to each other that a decrease in 
contact area, which would reduce the C;’s would reduce 
the g,’s by the same factor. In other words, g;/C; de- 
pends only on the character of the potential barrier and 
not on the geometry. Now L is a dimensionless quantity 
which depends on the g;’s, the C,’s, and y, which is arbi- 
trary. Assume that for some geometry, ya is adjusted for 
minimum conversion loss, L;. Now assume that the 
geometry is changed (e.g., the contact area is reduced) 
so as to halve the C;,’s and the g;’s. Then assuming that 


LO eae JwC 


23 Thid., p. 408. 
% Thid., p. 409. 
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one readjusts y. to minimize the conversion loss again 
to the value Ls, ZL; and Ly will be equal. 

Torrey and Whitmer point out that for negative gg the 
barrier capacitance must be strongly nonlinear, 7.e., 
C,/Co or C2/Cy must be large. It should be noted, how- 
ever, that L depends on all the elements of the admit- 
tance matrix and that therefore as long as C; and C2 are 
finite there will be some high frequency at which the 
nonlinearity of the barrier capacitance will play a role 
in determining ZL. For example, from yes, (14), no matter 
how small C; is there will be some frequency at which 
wC; will be of the same order of magnitude as 1. 

It is clear that Y’, (14), leads to absurd results if g; 
or go are set equal to zero. This is a result of the assump- 
tion in Torrey and Whitmer that the intermediate fre- 
quency B is such that BC;<g;. This restriction, which is 
usual in microwave mixers, may be removed if desired. 
This has been done in some recent work at the Bell Tele- 
phone Laboratories.% Only the case of the pure non- 
linear capacitance is considered, but some new effects 
show up which are not in evidence when BC; is assumed 
negligibly small compared with g;. Throughout this 
paper it is assumed that BC;<g;. 

As Torrey and Whitmer point out, the region on the 
Ya plane corresponding to negative gg adjoins regions of 
either arbitrarily large gg and/or arbitrarily small gg. In 
the latter case, since W remains finite, it is clear that L 
is arbitrarily small in the same region. One would like 
to know the behavior of Z in the region in which gg is 
arbitrarily large. The condition for gg=o is 
By?+G-° = go? +w?C2?, where Go = LotZLa, Bo = bo +wC.*8 
Since Torrey and Whitmer do not give an equation for 
W, it is presented here. 

qa Hees tb o%C2!)/(Gott Be’) Gort Bo’)? 
Sa g1°|(Go— g2)?+ (Bo—wC2)? | 


(15) 


It is seen that W goes to zero for the same condition. If, 
however, one calculates the product ggW the following 
expression is obtained: 


Go? + By? ae (go? — w?C'9”) 
(Go? + Bo?)? 


L = Wes = MN (16) 


ate E + £0 (1 = a — ot ek) 


y (Go? + By’)? 
abr? |(Go — ge)? + (Bo — wC2)?] 


N (18) 


* M. C. Waltz, A. E. Bakanowski, and A. Uhlir, “Second Interim 
Technical Report on Crystal Rectifiers,” Bell Telephone Labs., Task 
8, Signal Corps Contract DA 36-039 sc-5589; January 15, 1955. 

*@ Torrey and Whitmer, op. cit., p. 409. See (15). 
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and G is defined in Torrey and Whitmer.?? Thus, the 
condition in question gives an infinite gg but a conver- 
sion loss of zero. One can now make the statement that 
for the broad-band case, negative gg regions are always 
associated with arbitrarily high gain, regardless of 
whether gg goes to infinity or to zero at the boundary of 
the negative gg region. Note the use of the term “arbi- 
trarily small.” The mere fact of conversion gain, 7.e., 
L <1, is not particularly significant since mixers are not 
connected in tandem to obtain a large over-all gain. The 
quantity of interest is the over-all receiver noise figure 
which is given by F,=L(t+ F;—1), where F, is the over- 
all receiver noise figure, f is the noise temperature ratio 
of the mixer, and F; is the noise figure of the IF ampli- 
fier. It is clear that a mixer with L=1.05 is very little 
worse than one with L =0.95 in spite of the fact that the 
latter mixer shows conversion gain. A mixer which can 
have an arbitrarily small Z is quite a different matter 
however. The important question is then what happens 
to ¢ when L is small. At present this question cannot be 
answered without resorting to experiment. 


Case 2 


Assume that 7 is finite, but that the image can be 
shorted at the barrier. This is impossible in principle if 
r is frequency independent, since 1/7 would be the 
largest admittance which could be connected to the 
image terminals. The requirements for approximating 
the above are given by (92)—(95) in Torrey and Whit- 
mer,?® and it can be shown that these requirements are 
reasonable if 1/7>>wCo. Obviously at sufficiently high 
frequencies this condition will not be met. Assume that 
the frequency is such that g;<wC;. The above two as- 
sumptions are not mutually exclusive. Assume the maxi- 
mum nonlinearity, gi:=go=g, Ci=Co=C. Finally, as- 
sume that gr<1. The last condition is almost always 
met. Then??.30 


Visas JwC jwC 
y= | te | | (20) 
Yea Yop g g 
1+ qwCr jwCr 
oa | aS “a |. (21) 
rg 1 
b = 1 — jwCr; 
bi = 1; 
big = — rg; (22) 
boy = — jwCr; 
boo = 1 + qwCr. 


27 Thid., p. 409. 

28 Tbid., p. 136. 

29 Thid., (92)—(95); and also, p. 408 (11). 

30 Thid., p. 409. Note that in the narrow-band high-frequency case 
presented above, the region of negative gg is adjacent only toa region 
of small gg and not to a region of large gg. Note also that W possesses 
no nontrivial singularities. 
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If we are interested in small values of L, we can focus 
our attention on gg since W cannot approach zero or in- 
finity for any nontrivial case. Consider the condition for 
23=0: 


La? + (0a — 0.5wC)? = 0.25(wC)?. (33) 


On the y, plane, this is the equation of a circle with 
center at 0, —0.5 wC and radius 0.5 wC. If W does not 
approach zero, and it does not, then points outside the 
circle and arbitrarily close to the circle will give arbi- 
trarily small conversion loss. Points inside the circle 
yield negative IF conductance which presumably is to 
be associated with IF oscillations, and the equation for 
L does not apply. The situation is quite similar to the 
broad-band case.*° It is presented here because to the 
author’s knowledge it has not appeared in the literature 
and yet the equations are shorter and it is a simpler case 
to understand than the broad-band one. A consideration 
of Z as a function of frequency will yield some interest- 
ing results. Suppose that one considers C and g to be 
fixed and w and y, to be such that the point y, is a con- 
siderable distance away from the circle. Then L will be 
given by Wgg and will be large if y,. is far enough away 
from the circle. However, as the frequency is increased 
while y, is held constant, the conversion loss will de- 
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crease, approaching zero as the circle approaches Yat 
Thus, we have a conversion loss that decreases as the 
frequency increases. It is quite clear that one pays for 
small L in terms of bandwidth. For yz must be reason- 
ably close to the circle for small Z, but a change in fre- 
quency will in general move ya with respect to the circle, 
not only because the circle moves but also because in 
general y. is also a function of frequency. These two 
effects could conceivably cancel over a small-frequency 
band. If y. moves inside the circle then the oscillatory 
condition holds and if ya moves too far away from the 
circle, L increases. 

Returning to the case r#0, let us set y.’=yab and 
define a function 


Jolg 
TAO a let ee SEC : (34) 
Then from (31), 
Va(Ve) = f(y), T= 0 (35) 
while from (29), 
1 
ye = yes r #0. (36) 


Note that yg° is considered a function, while yg is not. 
Then 
1 + joCr 
= (t- | C@ 
1 + (wCr)? a On a wC) 


Of course, ya is arbitrary; 7.e., we assume y, is under the 
control of the circuit engineer and can be made to as- 
sume any value. The question arises as to whether or 
not ya’ is also arbitrary, for if it is, the effect of the 
spreading resistance on yg is simply multiplication by 
the factor 1/b. Now 


Va a fa sie joa’ = (1 a jorC) (a sh Jba); 


joc 


¥B 


ga — wCrb,’ 
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From (38), some values of 6,’ will require a negative 
ga for solution. This is not physically acceptable; how- 
ever, if 6.’ is limited to negative values, a positive gq 
will always satisfy (38). Assuming that 6,’ is limited to 
negative values, (29) gives 


(1 + jwCr) [gs(gu’, ba’) 


ae: 1 + (wCr)? 
an jos(ga', ba’) | (40) 
and 
1 
a gq’, ba!) — wCrbg"(gq’, ba’ 41 
‘Oe erieer [g6°(ga’, bu’) — wCrbs(ga', ba’)] (41) 
where 


ya(ya) = 88a, Ba’) + jbp(ga', ba’) = f(ya’). (42) 
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The factor 1/[{1+(wCr)?]| affects the magnitude of gs but 
is not a factor in determining whether or not gg becomes 
negative. From (31) 


1 
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This equation shows, and it is quite clear intuitively, 
that the presence of finite spreading resistance always 
decreases the possibility of obtaining negative gs, and 
shows precisely the condition for negative gg with finite 
spreading resistance in terms of the value of gg without 
spreading resistance. Of course, gg is given by (32). Eqs. 
(8), (27), and (43) can be used to calculate L when gg is 
positive. 


Case 3 


Suppose 7 =0 and the image is shorted. Then*! 


ha hawC 
es aro pe 0 gi tye | (44) 
81 80 
and, from (7) 
Si Oty (917/20) (go + ga) + (wC1gi/go)(wCo + ba) - (48) 
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To investigate the conditions for gg=0, the numerator 
and denominator of the fraction are set equal, and with 
a little manipulation the following equation is obtained: 


2 2 (C. 2 
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This is the equation of a circle in the ya plane with 


center at 
gv oC 121 
Ge) (Far oe) 
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and radius squared of 


bi ( 2 + 2C >) 

4g? a as 

Note that both coordinates of the center of the circle are 
always negative. The general condition for gg to be 
negative with a physically realizable y, is that the radius 
be greater in magnitude than the x coordinate of the 
center of the circle. Thus a low-frequency cutoff for 
negative gg can be calculated by setting the radius of the 
circle equal to the x coordinate of the center of the circle. 
Some special cases are of interest. For the case of a linear 
capacitor, C,=0, the center of the circle is at 
(g:°/20) — go; —wCo and the radius squared is 


31 Thid., p. 408. 
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Since gi S$ go, all points inside the circle can be shown to 
correspond to negative ga, and this is physically inac- 
ceptable. Just as in the broad-band case, then*®? negative 
IF conductance is not obtained with a linear capacitor. 
Note, however, that one of the conditions, which is cer- 
tainly not met in practice, is that the LO voltage wave- 
form be symmetrical. To the author’s knowledge, the 
more general case has not been investigated, although 
there is experimental evidence* that relaxation of this 
restriction will not change the picture. 
Saba. 


33 H. Q. North, et al., “Welded Germanium Crystals,” GE Rep. 
Contract OEMsr- 262, Order No. DIC 178554; September 20, 1945." 
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If one sets go=g1=g and Cy =C,=C, 7.e., maximum 
nonlinearity for both fe barrier capacitance and con- 
ductance, the center of the circle is at —0.5 g, —0.50C 
and the radius is 0.5+/g?+w?C?. Thus, in this special 
case there is no low-frequency oa for negative IF 
conductance. 
When gg is not negative, W is of interest and is given 
by 
2 2 
Woe (go ete 8a) als A as wC'y) ; (47) 
Saf." 
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Resonance Properties of Ring Circuits* 


FRIEDRICH Ji EISCHERT 


Summary—tThe ring guide or ring circuit, a microwave device 
consisting of a waveguide having the ends connected to form an 
annular ring, has properties similar to those of ordinary resonant 
cavities. Wave propagation within the ring guide, its interaction with 
a waveguide to which it is coupled, and its resonant circuit properties 
are investigated in this report. The properties of a prototype circuit 
consisting of a ring guide of rectangular cross section were found to 
agree with theory. 


INTRODUCTION 


( Bibra with conducting walls have, at wave- 
lengths of the order of their geometrical sizes, the 
same electromagnetic properties as resonant cir- 

cuits consisting of capacitances and inductances at lower 

frequencies. Therefore, cavities are useful as resonant 
circuits and filter elements at microwave frequencies. 

They can also be considered as waveguide sections short 

circuited at each end. The electromagnetic energy oscil- 

lates between the electric and magnetic states. Standing 
waves and an imaginary Poynting vector are of signifi- 
cance at any_point in the cavity. 

A new type of microwave circuit! consists of a wave- 
guide having the ends connected to form a ring in which 
waves progressing in one direction only are excited. This 
circuit is characterized by a real Poynting vector within 
the ring guide cavity. Properties of the circuit, including 


* Manuscript received by the PGMTT, June 14, 1956. The re- 
ported work was performed under Contract Tul- 9004. 

+ Dept. of Elec. Eng., Ohio State Univ., Columbus, Ohio. For- 
merly at Res. Labs., Redstone Arsenal, Huntsville, Ala. 

1F. J. Tischer, Swedish Patent No. 152,491; August 26, 1952. 


the form of wave propagation within the ring, interac- 
tion with a waveguide to which it is coupled, and its 
Q-value, are investigated. Circuit performance when 
excited to produce traveling waves in one direction is 
compared with that obtained when excited to produce 
waves in both directions. 


WAVE PROPAGATION IN THE RING CircuIT WHEN 
COUPLED TO A WAVEGUIDE 


The system under investigation consists of a wave- 
guide to which a ring guide is coupled as shown sche- 
matically in Fig. 1. In order to obtain waves progressing 
in one direction only in the ring, directional coupling is 
used. When nondirectional coupling is applied, waves 
progressing in both directions are obtained. These two 
types of coupling are shown in Fig. 2, 7.e., directional 
coupling by two holes spaced a distance of \,/4 apart 
and nondirectional coupling by a single hole. 

In the following derivation based on the wave con- 
cept, # indicates the waves progressing toward the 
coupling element, while 7 corresponds to waves re- 
flected and traveling from the coupling element. The 
symmetry plane AA’, Fig. 2, is used as phase reference. 
The ports of the main waveguide are 1 and 2, while 
those of the secondary guide which will be connected to 
form a ring are 3 and 4. The other parameters which 
describe the wave propagation in the region of the junc- 
tion are the reflection coefficients py, at the four ports 
and the transmission coefficients Tnm between the dif- 
ferent ports with reference to plane AA’. 
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Fig. 1—Ring circuit. 
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Fig. 2—Coupling conditions. (a) Directional coupling. 
(b) Non-directional coupling. 


The wave propagation in the region of the junction 
can be described in general by the following equation 
systems: 


11 = pruhy + Tyeh2 + Ti3h3 + Tisha 
r. = Toihy + poche + Teo3h3 + Toaha 
rs = Tsihy + Tseho + p33h3 + T3aha 
ra = Tarhy + Taghe + Tashz3 + pasha. 


(1) 


The assumption of symmetry of the coupling elements 
yields 


[Dit SP [ORI [DS By fe oN 
Ler = Re 


and 


T= T3= T, Tis = Tor = ka, Tig = To3 = bh, 


where k, and k, are coupling factors for the waves 
traveling in the two directions from the coupling ele- 
ment in the secondary guide. One obtains with these 
values 


11 = poli + Rahz + kh 
ro = Thy + kphy + Rr 
r3 = Ryhy + pohs + Thy 
re = kyhy + Thz + poha 


(2) 


where hz is made 0 by reflectionless termination of port 2. 
The ring guide is formed by connecting ports 3 and 4 
with a length of guide so that: 
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hs = ra:e-? 
ha = r3:€-?. (3) 
¢@ is a complex quantity, the imaginary part being the 


phase delay around the ring guide and the real part the 
attenuation along this path in nepers. Thus, 


= (a+ 1B)L (4) 


where L is the circumference and a and £ are the attenu- 
ation and phase constants of the ring guide, respectively. 
Combining (3) and (2) yields: 
r3(1 — Te-?) = Rah + porse-? 
ra(1 = Te?) = Rhy + porse ?. (5) 
Solving for 73 and 14, 
ki(1 — Te~*) + Rrpoe* 


7, =h (6) 
Sa (lien hee oy ortgeee 


and 


RAL = Lee?) epee 
Ti hy \ ee (7) 
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are obtained. Similarly, 7, and vr, may be found. From 
these values, the reflection coefficient pin and the trans- 
mission coefficient 7}, in the main guide are 


ry 2k, Rp(1— Te?) e+ (Rp + Ry”) pve 2? 


ee a 8 
ypvion (1—Te-*)2— py2e-2# 8) 


and 


r 2kRppoe 2? + (ky2+ ky?) (1 — Te-*)e-? 
fn Bee hPo ( mM ) 
hy (1—Te-*%)*— poe? 


(9) 


These relations describe the properties of the ring cir- 
cuit as a resonant filter. 

It is necessary to distinguish between two cases of 
wave propagation, namely, waves progressing in only 
one direction, and standing waves. These conditions de- 
pend on the coupling. They can be expressed by k,=0 
for directional coupling and k, =k, =k for nondirectional 
coupling. 

For directional coupling, 


13 if 


Rp = = 
Lik elie 


(10) 


describes the complex wave in the ring guide. This rela- 
tion is obtained for k,=0 and py=0 which follow from 
the properties of a directional coupling element. There- 


fore, 
14 = 0, 


(11) 


and 


(12) 


——_ 
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Consideration of the nondirectional cases (kn =i) 
gives 


13 TA 1 
Ry = = = (13) 
hyk hyk 1— (po -- T)e-? 
and 
Pin = po + 2kh?e-? : (14) 
poe en 
1 
Ty, = T + 2ke-¢ (15) 
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From (10) through (15), it can be seen that the rela- 
tions for the amplitude of the ring wave represented by 
Rp and Ry are the most important. They appear in all 
relations for the over-all reflection and transmission 
coefficients. This is expected since a part of the energy 
in the ring is coupled back into the main guide. This 
energy adds to the energy in the main guide, and the 
resultant interaction determines the properties of the 
circuit. 


FREQUENCY DEPENDENCE OF THE WAVE AMPLITUDE 
IN THE RING GUIDE 


The resonance characteristics can be obtained by 
representing the wave amplitude in the ring guide as a 
function of frequency. Accordingly, the absolute values 
| Ro| and | Ry must be determined. Introduction of 
the attenuation and phase constants, a and B=27/), 
into (10) and (13) gives 


Rp = (16) 


and 


Rive = 


(17) 


iu 
1 — (po + T)e~*%e-' 


g 


The equations show that near resonance, variation of 
the frequency results mainly in a rotation of the complex 
terms 7 and po +T in the denominators of both relations. 
The frequency dependence follows the same law for 
both coupling conditions. This dependence can be rep- 
resented in a normalized form valid for both coupling 
conditions by 


1 


1 — ae** 


R= (18) 


Plotting the absolute value | R| vs frequency deviation 
gives a resonance curve as I in Fig. 3. Resonance occurs 
when x equals a multiple of 27, the circumference L then 
being a multiple of the guide wavelength dy. 


Tischer: Resonance Properties of Ring Circuits 


53 


Legend 
I: Directional Coupling (q= 0) ow ht, 
Yi and I -:----- Semi— Directional Coupling (q=0.3,0.6) 
IW-Non- Directional Coupling (q=!) 


—e RELATIVE AMPLITUDE 


-8 -6 -4 =; 0 73 4 6 
—» RELATIVE FREQUENCY DEVIATION 


Fig. 3—Frequency response. 


Calculation of the reflection coefficient po in the non- 
directional case for small and lossless coupling shows 
that it is small in magnitude and approximately a pure 
imaginary. Rp and Ry were found to differ mainly in 
their resonant frequencies. 


THE CASE OF SEMIDIRECTIONAL COUPLING 


Interesting relations are obtained if the coupling in 
the two directions, defined by the coupling factors ky, 
and k,, is unequal. This type of coupling is called semi- 
directional. If k,/k,=q is introduced in (6), 


P30 hyk,, (19) 


APS ICie riper Ir aye’ | 
is obtained. Eq. (19) has two poles and a zero between 
them in the complex plane. Therefore, the frequency 
response of a ring circuit with semidirectional coupling 
has a form which is analogous to that of band-pass 
filters containing two resonant circuits. 

Eq. (19) is plotted in Fig. 3 for g=0, 0.33, 0.66, 1, for 
curves I through IV, respectively, under the condition 
ne =3(1- | T| ). Ordinary resonance curves for di- 
rectional and nondirectional coupling and the double 
peak response for semidirectional coupling are shown. 

A similar double peak response is observed when a 
discontinuity is introduced in a directionally coupled 
ring circuit with waves traveling in only one direction. 
To analyze this case, the assumption is made wherein a 
symmetrical discontinuity with a reflection coefficient 
pi is placed opposite to the coupling element (Fig. 4). 
The discontinuity can be taken into account by intro- 
ducing 
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terms of a Taylor’s series for frequencies near resonance. 
This yields 


1 i ae dx a 
mae pt lh pa Hf! VEER Pom ANG 
R dy 


(25) 
Use of this simplified relation allows determination of 
A\i,2 by equating real and imaginary parts of (25). 
Therefore, 


(26) 


where e~**=1 at resonance. 
Introduction of « =27L/y, and differentiation gives 


AT a el Ff Naten Nee 
EE a (27) 
Fig. 4—Ring circuit with discontinuity (1). Nees a Nines BL 
h; = [rsp1 + r(1 + ps) |e~* 
hy = [rspi + r3(1 + pi)e? (20) 
ky [1 = ponies pie? | ee k[po( pr pt) ene te Tpie? | 
r3 = hy — - - - F - . (21) 


The corresponding relation for 7, can be obtained by 
interchanging k, and k, in (21). For the case of direc- 
tional coupling where k,=0 and po =0, (21) can be sim- 
plified to: 


Lil Lic oes 
(Aa hy ky, Var aaeT a ia . 
[1 — Te-#|[1 — T(1 + 2pie-*| 


Comparison of (22) and (19) shows that both relations 
have characteristics similar to those of a band-pass filter 
with two resonant circuits. A difference exists, since (22) 
gives a symmetrical response having equal frequency 
deviations from the zero to the poles while (19) is non- 
symmetrical. 


THE Q-VALUE OF RESONANT RING CIRCUITS 


When the ring circuit is used as a resonator, the qual- 
ity factor can be obtained by finding the frequency 
deviations A); ,. from resonance for which the amplitude 
of the ring waves decreases by a factor 1/\/2. Starting 
from the normalized frequency response, according to 
(18), the reciprocal value of R is 


1 
ns = 1 — ae**. (23) 
For resonance, x«=27, 47, -- - n2z7, 
1 
Re =1-a (24) 


62% OF | T +p 6724 For.small 
attenuation in the ring guide and loose coupling 
(1—a)<1, (23) can be approximated by the first two 


is obtained where a= | if 


[1 — popre-* — T(1 + pre? ]? — [po(1 + pie? + Tore? ]? 


which is valid for both coupling conditions of the ring 
circuits at resonance. If @ is replaced by the values corre- 
sponding to the coupling conditions, the following re- 
sults are obtained: 


Directional coupling: a= | T| Cm, | T| (1—aL) 
a= |Tle“# = |T| (1 — aL) 


TN Gerttig Ate Carin MeN a 
Fs | Vinee 1 428) 
Nees | | Neenah BE 
Nondirectional coupling: a =| T+po| anes 
AX1,2 IS foal, Nee cael 
Pisa (tits (eee 
Xres | I i Po | Ng res BL 


where 8 is the resonant phase constant. The relative 
wavelength deviations (28) and (29) are measures of the 
Q values. The unloaded values are obtained by reducing 
the coupling zero (p90, | T| —1). Under this condition, 


Anj,2 a ( Drie ) 
AE ~ 
Neer B Ny res 
is valid for both types of coupling, giving for the Q value 
oe Xres s B (~ = 
2AX1,2 2a as 
This unloaded Q value can also be obtained directly 


by use of the energy concept applied to the definition of 
the Q value. According to this definition 


WW tot 
Pe 


(30) 


(31) 


QO= 


(32) 
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where w=2zf, Wtot corresponds to the total energy con- 
tent of the circuit, and Pz to the power dissipated. The 
power dissipated in a guide of length Z is 


Pia ie hve Sy" awk =p Pet ae Crna) ez 200 Pay. (33) 


for small aL, where Pj, and Pout are the powers passing 
through the input and output cross sections. The power 
transported by the waves through the input cross sec- 
tion can be expressed as the product of the energy con- 
tained per unit length in the guide wy. and the group 
velocity vgr. Thus 


Vo? 
Pa. = Wtot’ Ver = Wtot — (34) 
Uph 
introducing 
v Vp 
Nace od Ut Oe 
us 
gives 
Ps L ‘Uph 
W tot = Wior L oF oa CEE 
Vo? 
from which 
P92 TKN 
sees [f= (35) 
2a Ny do 


By introduction of B=27/\,, (31) may be obtained. In 
both derivations, the assumption was made that the 
attenuation varies insignificantly in the region of reso- 
nance. 


EXPERIMENTAL INVESTIGATION OF A RING CIRCUIT 
WITH RECTANGULAR WAVEGUIDE 


The ring guide permits design of a circuit with varia- 
ble resonant frequency without use of sliding shorts and 
capacity plungers. One type of ring circuit comprising a 
rectangular waveguide of variable width is shown in 
Fig. 5. The waveguide in the form of a ring consists of 
two grooves of rectangular cross section machined into 
adjacent walls of two thick metallic disks. Each groove 
forms half of the guide in which TEq waves with radial 
E vector are excited. One of the disks is movable in the 
axial direction. The movement is obtained by rotation 
of a micrometer head to which one disk is attached, thus 
permitting a change of the width of the guide. The 
change of width results in a variation of the wavelength 
in the guide \,, and of the resonant wavelength. The 
resonant wavelength can be expressed by 


where a is the width, Z the circumference of the guide, 
and 2 the number of wavelengths per circumference. 
Normalization with respect to L yields 
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Fig. 5—Prototype of a ring circuit with rectangular waveguide 
and variable resonance frequency. 


Ares 1 
fe — (36) 


it 4/ L\2 
“@ 
2a 


which relates resonant wavelength to the dimensions of 
the ring guide. Eq. (33) is an approximation in which the 
bending of the guides and the influence of the slots are 
neglected. 

The Q value of a ring guide is given by (31). The 
values of a and @ for a rectangular waveguide are 


Xo do\? 
ae) 
b Ne 


(6.9) 10-84/fle/s1 


Vee 
n= : 
Aol] / (~) Cou 
(REA bas 
Xe 
and 
2a 
B=, 
Ng 


where a is the variable width, 6 the constant height of 
the guide, and o/o.u the conductivity related to that of 
copper. Introduction in (31) yields 


Scu 
) 
oO 


2Af  2Af 


fred Nres 


Xo (~) 
LL aN pres ome he 
b Ne 


the form factor m showing the dependence of Q on the 
geometry of the ring guide. In Fig. 6, m is shown as a 
function of the normalized wavelength in the guide 
Xo/Ag With Ao/b as the parameter. The diagram permits 
the choice of dimensions to obtain a high Q value which 
is inversely proportional to Af. It should be noted that 
the half-power bandwidth of a comparable circular 
cavity in the case of optimized dimensions corresponds 
to a form factor m=1.5 for low loss TEo. waves. The 
measured Q values of the ring circuit shown in Fig. 5 are 
compared with those obtained using (38) in Fig. 7. 
Taking into account the fact that the measured values 


(2.2). 10-"m Vi 4/ 


(38) 
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Fig. 6—Dependence of the form factor m on the geometry 
of rectangular waveguide. 
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Fig. 7—Calculated and measured values of the half-power 
bandwidth for prototype shown in Fig. 5. 


of Af correspond to the loaded Q while the calculation is 
based on the unloaded Q, the agreement is considered 
satisfactory. 
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CONCLUSION 


The essential difference between the ring circuit and 
the conventional microwave cavity lies in its capacity to 
resonate with unidirectional progressive waves in the 
ring when directionally coupled to the main guide. 
When nondirectionally coupled, the circuit assumes the 
behavior of an ordinary cavity with standing waves. 
The resonance curves are similar in either case, the 
Q values differing by only a small amount due to the 
coupling effects. 

Interesting properties result from semidirectional 
coupling or the introduction of a small discontinuity 
into the directionally coupled ring. In either instance, 
the circuit is characterized by a double-peaked reso- 
nance. Accordingly, it is useful as a microwave filter. 

The device has immediate application as a tunable 
resonant circuit. Tuning is accomplished by any means 
whereby the electrical length of the ring is changed. 
Thus a phase shifter may be employed, permitting a 
variation in the phase of the guide wavelength around 
the ring so that its electrical length can be made a 
multiple of a wavelength at resonance. An adjustable 
width ring, which allows adjusting the guide wavelength 
uniformly over the circumference of the ring, is a means 
of performing simple, low-loss tuning. Since increasing 
the ring width reduces the attenuation, higher modes of 
resonance will have higher Q values. Multiple resonance 
occurs when the guide is adjusted for two or more guide 
wavelengths. 

Possible fields of application for the ring circuit are 
the same as those of commonly used standing-wave 
type cavities. The high Q values of the adjustable width 
circuit favor its application for frequency measurement 
and stabilization. The geometrical form permits easy 
fabrication, especially for use at extremely high fre- 
quencies. 
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Frequency Stabilization of a Microwave Oscillator with 


an External Cavity* 
IRVING GOLDSTEIN} 


Summary—This paper describes a procedure by which a cavity 
stabilizer may be designed for a microwave oscillator. Formulas are 
derived for the following essential design parameters: 1) stabilization 
factor; 2) stabilization range; 3) vswr of the stabilizer circuit with 
cavity tuned; 4) vswr of the stabilizer circuit with the cavity de- 
tuned; and 5) insertion loss of the cavity assembly. 

The validity of designing with the derived relations has been ex- 
perimentally confirmed. 


INTRODUCTION 


N MANY applications, the need arises for a micro- 

wave oscillator having a stable frequency character- 

istic both on a long and short-time basis. The addi- 
tion of an external cavity and associated microwave 
circuitry to an ordinary magnetron or klystron trans- 
forms these tubes into frequency stabilized oscillators. 
The general scheme has been investigated by many.? 
Although this paper concerns itself with a stabilizer con- 
figuration which has been previously studied,? a more 
than cursory survey of the literature does not show a 
precise analysis and quantitative development such as 
is here described.*? The validity of the results justifies 
their collation. The configuration in Fig. 1 is one in 


fh Se > |_— DAMPING 
KC RESISTOR 


SUSCEPTANCE 


CAVITY 


n=1,3,5--- 


OUTPUT 


OSCILLATOR 


* Manuscript received by the PGMTT, June 14, 1956. 

+ Raytheon Manufacturing Co., Bedford, Mass. 

1F, F. Rieke, “Microwave Magnetrons,” M.I.T. Rad. Lab. Ser. 
No. 6, McGraw-Hill Book Co., Inc., New York, N. Y., 1948. See 
Ch. 16. 

W. V. Smith, “Magnetron Tuning and Stabilization,” M.I.T. 
Rad. Lab. Rep. No. 567, July 13, 1944. 

W. M. Preston and J. B. Platt, “Magnetron Stabilizer Tuner,” 
Rad. Lab. Group Rep. No. 473, 1943. 

W. M. Preston, “Magnetron Stabilizing Tuner,” Rad. Lab. 
Group Rep. No. 71, May 31, 1944. 

E. Shelton, “Stabilization of microwave oscillators,” IRE TRANs., 
vol. ED-1, pp. 30-40; December, 1954. 

2 Preston and Platt, op. cit. 

3 The results developed have been independently derived by 
E. Shelton of Raytheon in a private communication. 


Fig. 1—Cavity stabilized oscillator. 


which the external cavity and damping resistor‘ are 
either in series or parallel with the oscillator output line. 
The damping resistor consists of a matched load and an 
inductive or capacitive susceptance placed so that there 
is a conductance in series with the stabilizing cavity. 
The purpose of the damping resistor is to suppress un- 
wanted modes in the tube, the transmission line, and 
stabilizing cavity assembly. The resistor also increases 
the stabilization range. 


List oF SYMBOLS 


S=stabilization factor. 
m =junction transformer ratio. 
Gr =damping resistor (normalized). 
Qzc =external Q of the cavity. 
Qoc=unloaded Q of the cavity. 
Qzmu =external Q of the oscillator. 
Pott =Vswr into assembly with cavity detuned. 
Pon =Vswr into assembly with cavity tuned. 
L =insertion loss of the stabilizing system. 
fo=system frequency. 
AF =stabilization frequency range. 
PF =pulling figure for the oscillator. 


The design relations are given below (their derivation 
will be presented in the Appendix): 


G 2 
S =m < = ae (1a) 
(Gr + | EM 
Qoc 
peers 
Te 0on | a a (1b) 
2(6 a =) 
Qoc 
mn 
Phe 1 etn oa (1c) 
Gn + Qoc 
ind 
Qoc 
Port = MGr + 1 (1d) 
0.417 
PRS is (te) 
Ozu 
AF = f (= ing ) (1f) 
NOWBE COG AR 


* Rieke, op. cit, 
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Before the actual design of the stabilizer circuit can be 
undertaken, there are some fundamental requirements 
of the oscillator and system to be considered. 

For the oscillator, the starting characteristic is im- 
portant. Upon start of oscillation, the tube is exposed to 
the mismatch of the stabilizer cavity detuned from 
resonance. The maximum value of this vswr port, must 
be known for the tube. In the case of pulse tubes electri- 
cal breakdown in the cavity is an important considera- 
tion. The resonator dimensions must be such that the 
voltage gradient in the cavity is safely below the break- 
down level. 

For the system, the following listed properties are im- 
portant: 


1) Stabilization factor required; 

2) The insertion loss that can be tolerated in the 
stabilized circuit; 

3) Stabilization range: 

a) This range must be large enough to prevent 
unlocking the stabilized tube by external 
match variations at the tube output; 

b) The range must also be sufficiently large to 
allow for an automatic frequency control 
loop either from the cavity to tune in the 
oscillator or from the oscillator to control the 
cavity. 


The procedure for determining all the necessary quan- 
tities in design relations (1) is given in the following 
paragraphs. 

1) The transformer ratio m of the junction can be de- 
termined from a vswr measurement of the oscillator in- 
put to the junction by itself with matched loads on the 
other two arms. 

2) Qzc the cavity external Q, and Qoc, the cavity un- 
loaded Q, can be determined by standard methods. The 
cavity must be of the line terminating absorption type. 

3) Qrm, the oscillator external Q, can be determined 
from a pulling figure measurement. The pulling figure is 
defined as the maximum excursion in frequency for a 
vswr of 1.5 moved through a wavelength. From (1c), 
Qrem can be computed. 

4) Fora value of pors (known for the oscillator) and a 
measured junction transformer ratio m the value of 
damping resistor Gr is determined from (1d). 

eis ER 
m? 

The location and value of the susceptance necessary 
to yield the computed value of Gr at the cavity is then 
determined in the manner illustrated by the following 
example (see Fig. 2). 

For porp=3 and m?=0.7 using (1d) we obtain Gr 
=2.86. The remaining problem is to determine the 
value and position of the admittance that will yield the 
computed value of Gr at the cavity. Using the Smith 
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Fig. 2—Circuit for computing susceptance, 


chart in Fig. 3 (opposite) and moving from Gr=2.86 
toward the load to 1—jb point yields the value and 
position of inductive susceptance necessary; namely, 
—j 1.1 at a distance of 0.416 Ag from the center of the 
cavity input. 

Now with all the quantities known, one can determine 
the necessary characteristics of the stabilized oscillator. 
The calculated values are compared to the experimental 
results on Figs. 4-6 (p. 60). The data was obtained on a 
cw magnetron. 


APPENDIX 


The analysis to follow is based on the equivalent cir- 
cuit of oscillator and cavity combination shown in 
Pigii. 

Expressing the admittance of a tuned circuit as 
Y=G(1+7Qoe) and also defining the other relations as 
shown below. 


Qs = py = / ie 
E 5 y Fs 
Qo=R Ube 
OPI. woo = EC 
w Wo 2Aw 
G@ == oe ~ 
Wo w Wo 
V a4) = p*(Ve) (2) 
where 
Yo = Ge(1 + JQuce) 
V4) = p’Ge(1 + JQoce) (3) 
Or 
Yan = ia (1 + jQoce) (4) 
Qoc 
il 
Lied = (5) 
Qec 
— [1+ jQoce] 
Qoc 
y 1 cr 1 (6) 
(4-5) = a 
Q G 
[1+ 400ce] 
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and recombining the terms of (6) 
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CALCULATED 


EXPERIMENTAL 


STABILIZATION FACTOR 


0 2,000 4,000 6,000 8000 10,000 12,000 
EXTERNAL Q OF CAVITY (Q,) 
Fig. 4—Stabilization factor characteristic. 
again because 
md 
2 N= Ned 29 
4 
Y a1) =Z (2-8) 
Se. (m?>VGr+Gr+ jmQuoeGr+ jQxce)(Gr+ j VQzce) (10) 
(Gr+V)?+ (Qazce)? 
Finding the imaginary part of Yq_1 yields 
2Aa 
m’Oxc Gr 
Wo 
Ba_1y = ae 2 (11) 
(Grp + V)? + ( Qre 
W0 
Differentiating (11) with respect to Aw yields 
dB 1-1) 
dAw 
é , (A@\" 1] FP 2Qzc’Gr? 
m?(Gr + V)? + 40xc? 
Wo Wi) 
= =(12) 
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VSWR OF CAVITY ASSEMBLY ON RESONANCE 
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Fig. 5—Insertion loss characteristic. 
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Fig. 6—Input vswr characteristic. 
Let Aw—0 
dB a-1) 2m*Qrc(Gr)? (13) 
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| Fig. 7—Oscillator and cavity equivalent circuit. 
| 
| 
| Consideration of the oscillator circuit yields 
Yo-pm = K°Gul1 + jQomel. (14) 
In a manner similar to operation of (4) 
Orm ; 
Ya-1yM = [1 aC jQome| (15) 
OM 
| Aw 
| Ba-1)M a One = 20zm mae (16) 
Wo 
dB a1) re: 20em , (17) 
dAw W9 
The stabilization factor is defined as 
dB a1) 
dAw 
| = ———— +4 1. (18) 
dBa-1) 
dAw 


Substituting (13) and (17) into (18) yields the relation 
for stabilization factor. 


(19) 


The stabilization range is defined as the frequency 
spread between the peaks of the transformed cavity 
‘susceptance at the oscillator terminals. Fig. 8 illustrates 
the curve. Stabilization depends upon the transformed 
cavity and magnetron susceptance having the same 
slope. 

Since at the peaks of the transformed susceptance 
curve 


dB 1-1) uD 


dAw oy 


we can obtain an expression for the frequency spread by 
setting (12) equal to zero and solving for AF. 
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Fig. 8—Cavity and magnetron susceptance characteristics. 


The solution yields the total stabilization range 
namely 


wale 
Pain Qec Qoc 


The off resonance vswr looking in the stabilizing 
cavity assembly is derived from the following: 
Using (9) off resonance e—> 


(21) 
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Pott = mGr + 1 (24) 


is the expression for the vswr into the assembly with the 
cavity detuned. The relation for the expected vswr with 
the cavity tuned is derived also using (8). 

Using (8) and letting Aw—0 yields 


Qrc 
m?Gr — 
oc 


Z (2-2) = (25) 


Ae 
Qoc 
Pon = Z (9-2) + 1 


Gr 


(26) 


(27) 


The loss in the stabilizer is calculated again with aid 
of Fig. 8. Using (25), the loss is determined using the 
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A, B.C, D. matrix 


(28) 


(29) 
4 


Substituting (25) into (29) yields 


5 BE. A. Guillemin, “Communication Networks,” John Wiley and 
Sons, Inc., New York, N. Y., vol. 2, ch. 4, pp. 132-180; 1947. 
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but L=20 log R. 
Substituting (30) in (31) 


Cooling of Microwave Crystal Mixers and Antennas: 
GEORGE C. MESSENGERT 


Summary—The development of low-noise mixer crystals has 
reached the point where the noise figure is approaching funda- 
mental, theoretical limits. The desire for still greater sensitivity has 
led to the consideration of other possible means for noise reduction. 
This paper will discuss two possibilities: physically cooling the mixer 
crystal, and using an antenna directed toward background noise 
which is lower than room temperature. The improvement which can 
be realized increases rapidly as the room-temperature noise figure 
is reduced. 


RECEIVER SENSITIVITY IMPROVEMENT 
FROM “CoLp ANTENNA” 


y NHE IMPROVEMENT ratio of receiver sensitiv- 
ity as the antenna looks at free space, to the 
sensitivity as it looks at a room temperature back- 

ground, increases hyperbolically as the noise figure is 
improved. 


(No0)To E 


CUT eae is 
F+ 


ro [SR Ja. (1) 


0 


Here (No)T > is the output noise in the receiver as it 
looks at a room-temperature source, To, and (No)T, is 
the output noise in the receiver as it looks at the free- 
space background 7;. F represents the receiver noise 
figure. [SR]4 is the receiver sensitivity improvement 
ratio due to the cold antenna. 

Because of the rapidity with which this ratio im- 
proves as F approaches its theoretical limit 1, it be- 
comes economical to think of cooling the mixer 7f it has 


* Manuscript received by the PGMTT, June 14, 1956. 
+ Philco Corp., Research Div., Philadelphia, Pa. 


a very low F to begin with. X-band receivers using nar- 
row-band techniques and low-noise germanium mixer 
crystals have noise figures low enough to make this 
improvement in sensitivity important and feasible. 


RECEIVER SENSITIVITY IMPROVEMENT 
FROM CooLING MIXER 


The noise figure of a receiver using a crystal is given 
by é 


F=L,|t, + Fiz — 1] (2) 


where F is the receiver noise figure, L, is crystal con- 
version loss, t, is crystal noise temperature, and Fj; is the 
IF noise figure. This formula is not convenient for dis- 
cussing improvements due to cooling because ft, is a 
function of L,.1 The functional relationship is 


: 1 1 
[ (1 _ -) + — narrowband 
J} ee 


be = { 
i(1 _ -) 4. — broadband. 


z. 


Here #/ is the noise temperature due only to the crystal. 
Substituting back in (2) 


F= |[L4—(1,2)]?+ 1,2) +L.(Fis-1) @ 
where the 1 and 2 pertain to narrowband and broad- 


band, respectively. Now 


1 The harmonics of the local oscillator are assumed to be all 
shorted. 
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where TJ is the mixer temperature and J) is room tem- 
perature and SRy is the receiver-sensitivity-improve- 
ment-ratio due to cooling the mixer. 

Now /is proportional to temperature if it is composed 
of any combination of shot and thermal noise. Theo- 
retically, at least, it should decrease linearly with tem- 
perature. Cooling to 70°K without increasing L,? should 
be practical. Therefore ¢ can be cut by approximately a 
factor of four. Table I shows how the operation of a 


TABLE | 


IMPROVEMENT IN SENSITIVITY BY COOLING THE 
MIxER AND ANTENNA 


F at 300°K SR by cooling pegitonal SR 
at i ae ° y Antenna 
Mixer to 70°K Temp. of 10°K 
Ratio | db | Ratio | db | Ratio | db 
BB 3.9 5.9 pep leo) 0.6 1.41 oS 
Fie=— 25 
NB Syn) 5.4 1.60 2.0 1.84 2.6 
BB 3.0 Lay 1520 0.8 1.67 Dee 
Fis=1.0 
NB Past hs 4.4 1.90 DES See 530 


1N263 diode could be improved by cooling and looking 
at a cold target area, under the assumption of an ideal 
Fy; and of an Fy; of 1.3 which is presently obtainable. 
Using selected 1N263 diodes the following room tem- 
perature values were measured: 


LBB) =3.0 —_1,(BB) 
LANB) =2.5  t,(NB) 


1.0 
bake 


For the obtainable broad-band mixer with a 1.3 Fi; 
and a 5.9 db room-temperature noise figure, an i1m- 
provement of 0.6 db comes from cooling the mixer and 
another improvement of 1.5 db by looking at a back- 
ground temperature of 10°K. The cumulative effect is a 
2.1 db improvement. The equivalent total improvement 
for the obtainable narrow-band mixer would be 4.6 db. 
If the Fi; could be cut to 1.0, the total improvement 
could be increased to 7.8 db, for a narrow-band mixer. 


EXPERIMENTAL RESULTS 


The results of noise-figure measurements on an ex- 
perimental broad-band X-band receiver using ger- 
manium crystals are plotted as a function of absolute 
temperature in Fig. 1. The theoretical curves are com- 
puted using the room-temperature noise figure as a 
basis. The crystals were not rematched at either the 


2 The resistivity of the germanium would increase slightly and the 
log slope of the iv characteristic would increase. The net effect on Lz 
would be small. 
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Fig. 1—Noise figure vs temperature. This figure shows the compari- 
son between theoretical and experimental noise figures obtained 
for six 1N263 mixer crystals. The crystals were matched at room 
temperature but were not rematched at the other temperatures. 
Failure to rematch may account for the discrepancies which are 
all on the high side. 


high or low temperature which may explain why the 
discrepancies are all on the high side. 

Experiments at liquid-air temperatures are not feas- 
ible at the present time because the entire receiver front 
end would require redesign in order to permit operation 
at these temperatures. The crystal package would also 
require redesign with operation at low temperature in 
mind. 


CONCLUSION 


The nature of both (1) and (5) is such that the amount 
of improvement possible increases greatly as the room- 
temperature noise figure is reduced. In receivers where 
sensitivity is of paramount importance the low-noise 
figures already attainable in narrow-band receivers using 
low-noise germanium crystals makes further refinement, 
such as cooling the mixer, practical and worthwhile. 

In the present narrow-band mixer the cumulative im- 
provement in sensitivity of cooling the mixer and of 
looking at a cold background could be as much as 4.6 db, 
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Measurement and Control of Microwave Frequencies by 
Lower Radio Frequencies* 


R. C. MACKEY{ anp W. D. HERSHBERGER 


Summary—From the fields of nuclear and paramagnetic reso- 
nance comes a relation between precession frequency and magnetic 
field strength for nuclei and unpaired electrons. The relation is such 
that f,=K,H for nuclei and f,=K.H for electrons. Thus if the fre- 
quency of one oscillator is set for f, and the frequency of another 
oscillator is adjusted so that simultaneous nuclear and electronic 
resonance occurs in the same magnetic field, the frequency ratio of 
the oscillators is given by the ratio of K, to K,. Values of K. and K,, 
have been tabulated for many substances and therefore allow fre- 
quency comparisons to be made. For example, protons in mineral 
oil and electrons in hydrogen have a precession frequency ratio of 
658.228; hence for an f, in x band, f, is about 14 mc when the mag- 
netic field is 3300 Gauss. Changing the value of H causes the fre- 
quencies to move up or down the frequency scale but their ratio is 
always constant. By this method microwave frequencies may be 
measured with equipment of a much lower frequency range. The pre- 
cision of measurement is limited by the widths of the nuclear and 
electronic resonance curves and runs between one part in 10‘ to 10°. 
This frequency measurement method may be made the basis of 
automatic control of microwave frequencies by quartz crystals or 
very stable lower frequency oscillators. An experimental model of 
such a system has been constructed and operated. 


INTRODUCTION 


HE most well-known method of accurately 
measuring, generating, or controlling microwave 
frequencies today is that of frequency multiplica- 

tion. This method usually multiplies the frequency of a 
stable crystal controlled oscillator in several steps, 
utilizing lumped constant circuits, distributed constant 
circuits, and finally klystron or crystal multiplier stages 
depending upon the final microwave power required. 
Many stages are required to reach the microwave re- 
gion as small multiplication factors must be used in each 
stage if sufficient power is to be available for driving a 
succeeding stage. The result is a complex device com- 
posed of many circuits, each of which requires careful 
tuning and adjustment. The maintenance of a multiplier 
chain usually requires auxillary test equipment capable 
of covering the frequency spectrum from the crystal 
oscillator to final microwave output. 

The Nuclear-Electronic method of measurement and 
control to be described here avoids many of the difficul- 
ties of the multiplier chain, but is perhaps no less com- 
plex. Its attractiveness lies in the ability to perform a 
frequency multiplication of some 650 times in one stage. 
This means that, for example, one crystal controlled 
oscillator circuit at 14 me can permit measurement or 
control of a klystron oscillator at approximately 9300 
mc. This is accomplished by comparing the precession 


* Manuscript received by the PGMTT, June 15, 1956, Supported 
in part by contract N6-onr-27519. 
t University of California, Los Angeles, Calif, 


frequencies of atomic nuclei and electrons in a magnetic 
field. The comparison is made visually for measurement 
purposes and automatically for frequency control pur- 
poses. 

MAGNETIC RESONANCE 


The method of frequency comparison to be described 
makes use of some of the properties of matter at the 
subatomic level. In fact, it is the properties of electrons 
and atomic nuclei that are of interest. The field of study 
concerned with the interaction of these particles and 
electromagnetic fields is known as magnetic resonance. 
When nuclei are studied, the term nuclear magnetic 
resonance or nuclear magnetism is used; when electron 
interactions are studied the term paramagnetic or ferro- 
magnetic resonance may be used. Since electrons and 
nuclei are predominantly found combined to form mat- 
ter, material substances may be expected to, and indeed 
do perform magnetic resonance. 

Resonance implies a tuning or a matching between an 
applied frequency and a frequency either actually or 
potentially present in the substance in question. A 
violin string, a cymbal, the air column in an organ pipe, 
an electrical circuit comprising capacity and inductance, 
all resonate to the frequency which is that of their own 
natural vibrations. There is a frequency peculiar to 
electrons and some nuclei which is matched by an ap- 
plied frequency when magnetic resonance occurs. This 
natural frequency is not, however, one of vibration, but 
is a frequency of precession. The mechanism of preces- 
sion may be recalled by considering the spinning top or 
gyroscope of Fig. 1. The top has angular momentum 
along its axis of rotation. Gravity will apply a force to 
the spinning top through the center of gravity, and the 
floor the equal and opposite reaction. The result of this 
torque is a precession about lines of gravitational force. 

A similar situation exists for electrons and some 
nuclei when placed in a magnetic field. Electrons and 
some nuclei have rotation about an axis through their 
centers and therefore have angular momentum. Be- 
cause nuclei are composed of several spinning particles 
(protons and neutrons) it is possible that the resultant 
angular momentum may be zero. In fact, only about half 
of the known nuclei have a rotation of the nucleus as a 
whole about an axis which passes through its center of 
gravity. Since electrons and protons are charged parti- 
cles they are in effect a small current by virtue of their 
motion. This current may be considered to cause a mag- 
netic field to exist along the axis of rotation. The nucleus 
or electron is thus said to possess a magnetic moment 


| 
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Fig. 1—Top spinning in a gravitational field. 


much the same as a small bar magnet. Consider a single 
nucleus located between the poles of a magnet. The 
essential features of the situation are illustrated in Fig. 
2. Because of its magnetic moment, the spinning nucleus 
behaves as if a small bar magnet were rigidly attached 
to it and oriented in the direction of the axis of rotation. 
The north pole of this equivalent bar magnet will be 
repelled from the north pole of the magnet by a down- 
ward force, and the south pole will be repelled from the 
south pole of the magnet by an upward force. These two 
equal and opposite forces result in a torque upon the 
nucleus. The result is a precession of the axis of the 


spinning nucleus and the magnetic moment. The rate at 


} 


which this precession occurs is proportional to the 
strength of the magnetic field existing at the nucleus. 
The factor of proportionality is characteristic of the 
material containing the nuclei as the field at a nucleus 
is the resultant of the applied external field and the in- 
ternal field due to neighboring atoms. The same situa- 
tion exists for an electron placed in a magnetic field 
except that for the same field strength the precession 
frequency is greater, resulting in a larger constant of 
proportionality. 

Electrons are the commonest of particles found in the 
universe, but they display magnetic resonance only in 
certain special substances. The spin and magnetic 
moment properties are elusive and not commonly ob- 
served because most matter is made up of electrons that 
pair off two by two in such a way that, as far as external 
measurements are concerned, their effects are cancelled 
out. The exceptional cases are those of certain free 
atoms, ferromagnetic substances, and some paramag- 
netic substances which usually contain an odd number 
of electrons. The odd number means that at least one 
electron must be unpaired and its undiminished mag- 
netic properties may be detected by external measure- 
ments. 

When a material containing nuclei having a magnetic 
moment or unpaired electrons is placed in a magnetic 
field, all of these particles precess about the field lines at 
the gyromagnetic frequency but in random phase so that 
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Fig. 2—Nucleus spinning in a magnetic field. 


the net effect external to the sample is zero. If the pre- 
cessing particles are, in addition, placed in an alternat- 
ing magnetic field of the same frequency, they may be 
made to fall in step with the alternating field. This is the 
magnetic resonance condition—external applied field of 
the same frequency as the precessing magnetic moment 
For maximum effect, the oscillating field must lie in a 
plane perpendicular to the lines of magnetic force about 
which the magnetic moments are precessing. Changing 
the random phase precession to a coherent one takes 
some energy from the applied alternating magnetic 
field. This loss of energy in the applied alternating field 
is a means by which magnetic resonance of the particles 
is detected. 


NUCLEAR RESONANCE 


The components necessary in a system for detecting 
nuclear resonance absorption will now be described in 
general (see Fig. 3). The basic requirement is that of a 
strong steady magnetic field and a comparatively weak 
oscillating magnetic field of the proper frequency ori- 
ented perpendicular to one another. The steady field 
may be supplied by either a permanent magnet or an 
electromagnet. In the experimental setup a surplus 
10 cm magnetron magnet was used at a field strength of 
about 3300 Gauss. The sample consisted of hydrogen 
nuclei or protons in water which resonate in the above 
field at about 14 mc. The coil which supplied the alter- 
nating rf field to the sample is the tank coil of an oscilla- 
tor operating at the precession frequency. The ampli- 
tude of the oscillations decreases when resonance occurs 
due to the energy absorption of the sample. To facilitate 
observation of the resonance condition the steady mag- 
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Fig. 3—System for detecting nuclear resonance. 


netic field is amplitude modulated by an audio fre- 
quency about 15 Gauss from its steady resonance value. 
This causes the magnetic resonance to be swept through 
twice each audio cycle. The resonance may be observed 
visually if the oscillator amplitude is displayed on the 
vertical axis of an oscilloscope when the horizontal 
sweep is locked in synchronism with the magnetic field 
sweep frequency. The resonance condition is easier to 
observe if the horizontal sweep frequency is just half of 
the magnet sweep frequency. Fig. 4 shows how the scope 
pattern arises for pc exactly at resonance and for Hpc 
slightly above resonance. At resonance the four peaks 
will be equally spaced. 


ELECTRONIC RESONANCE 


The magnetic resonance of electrons requires the same 
perpendicular relation between the steady magnetic 
field and the oscillating rf field. For the same magnetic 
field as in the nuclear resonance case (3300 Gauss) the 
required frequency for electronic resonance is in the 
X-band microwave region at 9300 mc. This requires that 
the sample containing unpaired electrons be placed in a 
microwave cavity resonant to 9300 mc. The general 
picture is shown in Fig. 5. The sample must be placed in 
the cavity at a position of maximum rf magnetic field, 
and the cavity must be oriented so the oscillating micro- 
wave magnetic field is perpendicular to the steady mag- 
netic field. If the cavity is of the transmission type, de- 
tection of the energy passing through it will give the 
resonance information. Again this signal is applied to 
the vertical axis of an oscilloscope with horizontal 
sweep synchronized to the magnetic sweep frequency. 
The resonance display is the same as in the nuclear case. 
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Fig. 5—System for detecting electron resonance. 


FIELD-FREQUENCY RELATION 


As was previously stated, the precession frequency is 
proportional to the field existing at the particle in ques- 
tion. This is simply expressed here for our purposes as 


f = RH. (1) 


The constant of proportionality is characteristic of the 
particle, nucleus or electron, and its environment, 7.e., 
fields due to surrounding particles. For protons in water 
k~4.3 kc/Gauss and for almost free electrons k22.8 
mc/Gauss. Values of k have been tabulated for many 
nuclei and for electrons in many substances. The fact 
that k is accurately known for many nuclei has led to 
the use of nuclear resonance for magnetic field measure- 
ment. 


a 


1957 


Note that (1) allows considerable freedom in the 


| value of frequency or field at resonance. If for some rea- 


son the field available is limited, the frequency may be 
adjusted according to (1) to cause resonance within the 
range of available field strength. However, the resonance 
signal increases with increasing field strength and this 


* factor may place a lower limit on Hpc. Values of Hoc 
} range in practice from a few to ten thousand Gauss. 
| Fields of good homogeneity stronger than 104 Gauss are 


difficult to achieve. 


SIMULTANEOUS RESONANCE 


Consider now a nuclear and electron resonance taking 
place in the same magnet. The following relations exist 


fn = Rn nuclear resonance (2) 

fe= k-H electron resonance (3) 
Rk, : 

fe= Park simultaneous resonance. (4) 


nr 


Eq. (4) states that the ratio of the two oscillator fre- 
quencies is the same as the ratio of the two proportion- 
ality constants. Thus if simultaneous resonance is ob- 
served and one frequency is measured, the other fre- 


_ quency can be computed. Using the aforementioned 
_ values of k, and k,, (4) becomes 


2.8mc/g 
See 
4.3 ke/g 


Thus in this one comparison stage frequencies differing 
by a factor of some 650 times may be measured and 
compared. Again using the aforementioned values for 
k., kn, and H, a radio frequency of 14 mc simultaneously 
resonates with a microwave frequency of 9300 me. If the 
magnet field strength is doubled—raised to 6600 Gauss 
—then 28 mc will resonate with 18.6 kmc. Thus by 
changing the magnetic field strength a considerable 
range of frequencies may be covered. Further range ex- 
tension may be obtained by choosing a ratio of k./R, to 
be greater or smaller as needed. 

The implication here is that frequencies in the micro- 
wave range may be measured or controlled by lower 
radio frequencies by simultaneous nuclear and electronic 
resonance in the same magnetic field. The accurate 
measurement of radio frequencies in the 1-50 mc range 
no longer presents a problem. A block diagram of a sys- 
tem for observing simultaneous resonance is shown in 
Fig. 6. Fig. 7 shows an oscillograph display of simul- 
taneous resonance of protons in water (upper trace) and 
electrons in diphenyl-trinitrophenyl-hydrazyl (lower 
trace). The exact frequency ratio between the two 
traces is 658.66. 

The reverse procedure is used to determine the pro- 
portionality constant of a material; the two frequencies 
are measured and knowing the constant for one ma- 
terial, the unknown constant is computed. 


fe= or, fe 2 650f;,. (5) 
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Fig. 6—Setup for observing simultaneous nuclear 
and electronic resonance. 


Fig. 7—Oscillographic display of simultaneous resonance. 
Upper trace—nuclear resonance of protons in water. 
Lower trace—electronic resonance of hydrazyl. 


AUTOMATIC FREQUENCY CONTROL 


Automatic frequency control of a microwave signal is 
possible with the simultaneous comparison stage. The 
general method is as follows (see Fig. 8): a crystal con- 
trolled or otherwise very stable oscillator operating at 
14 mc causes nuclear resonance of protons in a magnetic 
field at about 3300 Gauss. A klystron oscillator causes 
an electron resonance at 9300 mc in the same magnet. 
The two resonance signals are fed into an electronic 
circuit which checks simultaneity and produces an out- 
put voltage of one sign for microwave frequency too 
high and a voltage of opposite sign for microwave fre- 
quency too low. This error signal is fed to a klystron 
control electrode, preferably the reflector, so as to cor- 
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Fig. 8—AFC system using simultaneous resonance. 


rect the microwave frequency for simultaneity. A strong 
electronic resonance signal may be observed with only 
100 microwatts of microwave power leaving the major 
portion of the klystron power for useful output. The 
blocks marked electronic operator prepare the resonance 
signals so they may be fed into a phase detector and 
thus give rise to an error signal. 


LIMITATIONS 


The major limitation on the accuracy of measure- 
ment or control is the natural resonance line width of 
the electron resonance. One of the substances giving 
the strongest electron resonance is diphenyl-trinitro- 
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phenyl-hydrazyl with a line width of 2.7 Gauss. On the 
assumption that the center one tenth of this curve could 
be located, an accuracy of 1 part in 10‘ could be ob- 
tained. Another factor contributing to inaccuracy is 
magnetic field homogeneity. All of the sample must see 
the same field strength else the resonance line will be 
broadened beyond its natural width. Good field homo- 
geneity may be insured by careful alignment of the pole 
faces and by using a large ratio of pole diameter to gap 
distance. Careful shimming of the pole face will also im- 
prove field homogeneity. Fields more homogeneous than 
one part in 10° over a square centimeter are difficult to 
attain because of local inhomogeneities in the magnetic 
properties of the pole face material. 

Narrow electron resonance lines may be obtained 
from the electrons in an electron beam which is made to 
interact with the microwave field. Line widths of the 
order of 0.5 Gauss have been reported by this method 
giving a frequency ratio accurate to one part in 10°. The 
narrowest electron resonance to come to our attention 
is that of a solution of sodium in ammonia with a half 
maximum width of 0.08 Gauss. This electron resonance 
used with a water proton resonance might give rise to 
control accuracies of one part in 10®, depending on the 
signal to noise ratio for the electron resonance and the 
field homogeneity. 

The observed width of the proton resonance in water 
is usually due to the magnetic field inhomogeneity as it 
has been possible to obtain in fields of 7000 Gauss proton 
resonance curves with a line width of 0.001 Gauss. This 
corresponds to a resolution of one part in 7 million. 


Discontinuities in a Rectangular Waveguide Partially 


Filled with Dielectric« 


CARLOS M. 


Summary—The modal spectrum for a rectangular waveguide 
with a dielectric slab at the bottom of the guide is obtained following 
the Characteristic Green’s Function method developed by Marcu- 
vitz. Then a four-terminal network is found as equivalent to the 
junction of the partially filled waveguide and an empty rectangular 
waveguide. 

An integral equation is written for the electric field at the plane 
of the junction and variational expressions are derived for the 
parameters of the four-terminal network connecting the transmission 
line equivalent to the partially filied waveguide to the transmission 
line equivalent to the empty guide. 

A reasonable guess for the electric field at the discontinuity gives 
approximate values for the parameters of the four-terminal network. 
These values agree with experiment. 

The parameters of the network are plotted vs frequency and 
thickness of the slab. 


* Manuscript received by PGMTT, June 20, 1956. 
7 Brown University, Providence, R. I, 
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INTRODUCTION 
\ CONSIDERABLE AMOUNT of literature has 


been devoted recently to surface waves. The 
reader is referred to van Bladel and Higgins! for 
an introduction to the effect of dielectrics in rectangular 
waveguides and to Barlow and Cullen? for surface waves 
in dielectric slabs. The main purpose of this paper is to 
obtain a four-terminal network equivalent to the junc- 
tion of an empty rectangular waveguide and a rectangu- 
lar waveguide partially filled with dielectric. The 
Schwinger variational principle combined with the 
_ | J. van Bladel and T. J. Higgins, “Cut-off frequency in two- 
dielectric layered rectangular wave guides,” J. App. Phys., vol. DDR 
p. 329; March, 1951. 


> H. M. Barlow and A. L. Cullen, “Surface waves,” Proc. TEER 
Part III, vol. 100, p. 329; November, 1953. 
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modal analysis and synthesis technique developed by 
Marcuvitz give excellent results in our problem and en- 
couraged the author to extend the method to the open- 
dielectric slab as reported in another paper.’ In the 
methods used in this paper it is important to know the 
mode spectrum in the partially-filled guide as well as to 
be sure of the completeness of the mode spectrum. 
Therefore a systematic method of finding the, modes is 
also given in this paper. This is the Characteristic 
Green’s Function method given by Marcuvitz! which 
yields the modes he gave in his communication to the 
annual meeting of the Physical Society in 1952. 

The geometry of the partially-filled waveguide allows 
us to separate the characteristic modes into two groups 
(see Fig. 1): 


EF, modes, for which H, = 0 and 


I 


‘HH, modes, for which E, = 0. 


Let us assume that the launching of energy in one or 
both of the waveguides of Fig. 1 is such that only EF, 
modes are excited. Under these circumstances only EF, 
modes will be present in both guides. We will not men- 
tion this fact again and it will be understood that we 
refer only to E, modes throughout this paper. 


GUIDE 2 


(b) 


Fig. 1—(a) Longitudinal section of the junction; 
(b) cross section of waveguide 1. 


THE CHARACTERISTIC MODES OF THE 
PARTIALLY-FILLED GUIDE 


The direction of propagation is OZ. We will refer to 
the projection of each field on the XOY plane as the 
transverse component and we will represent it with the 
subscript ¢. 

The transversal component of the fields can be repre- 
sented as follows: 


3C. M. Angulo, “Diffraction of surface waves by a semi-infinite 
dielectric slab,” JRE TRANs., vol. AP-5, no. 1; January, 1957. 

4N. Marcuvitz, “Field Representations in Spherically Stratified 
Regions,” N.Y.U. Res, Rep. No, En-29, 1951, 
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The set of characteristic E, modes is a complete 
orthonormal set. In order to satisfy Maxwell’s equa- 
tions, the following relations should hold: 
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where x) and yo are the unit vectors in the OX and 


OY directions; €n, Mm, Knym are the propagation wave- 
number in the OX, OY and OZ directions; e(y) is the 
relative permittivity; K? =wuoeoe(y) is the propagation 
wave-number of a plane wave in the direction perpen- 
dicular to the front wave; fo and €) are the permeability 
and permittivity of vacuum. Finally 
1 Sen, m 
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(8) 
WE) 

is defined as the characteristic impedance of the wave- 
guide for the ”, m mode. 

It is clear that for one given mode the propagation 
wave numbers ¢, and 3, are the same in both media. 
However, nm will have different values in the dielectric 
and in the air. 

The solutions of (4) are obviously proportional to 


NT x 


sin (9) 
a 
The solution of (5) is more complicated because of the 
variation of e(y). We proceed to find the function 
Wm(y) by the Characteristic Green’s Function method. 
This method is most advantageous, since it leads di- 
rectly to the completeness relation 


e(y)5(y — 9’) = DE Yn(y)¥n(y’). 


m 


(10) 


For an explanation of the method in general, see 
Marcuvitz.4 In our case we have to solve 
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where 6(y—y’) is the Dirac’s delta function and G is the 
Characteristic Green’s Function. p(y) is equal to the 
square of the propagation wave number in the OY di- 


rection; 2.e., p(y) =7?. 
Since 
€ d<y<b 
(4) = S (12) 
Yin Po ee 
p(y) will also take two constant values. 
For one mode 
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The solution for (11) is 
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P plane 


Fig. 2 


The normalized mode spectrum in the y direction is 
then given as minus the summation of all the residues 
of G(y, y’, p). The residues of (15) give the Wn(y) for 
0<y<d and the residues of (16) give the functions 
Vm(y) for d<y<6b (Fig. 1). 

Eq. (18) has solutions for which 


Ky <p < Kove. (19) 


These modes have sinusoidal variation in the dielectric 
(0<y<d) and hyperbolic variation in the air. They are 
the surface waves and the number of them that the 
partially-filled guide can support depends on the fre 
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v/p tan V/p(b — d) + —— tan v/p’d y 
c 
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= ia ae 4 = 1 
co WG ey) Nai tan \/p’d sin V/p(ye — ‘)| cos Vb(y> ) 
G( , p) eV p cos V pb — d) ; al y< b a 
ay ¥ j>7 or 
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Vp tan V/p(b — d) + 


The symbol yz stands for y or y’, whichever is smaller, 
and ys for whichever is larger. 

If we consider now the constant p as a complex vari- 
able, we have 

i! 
dgnaly = ¥) = -—— [ GO, 9', Aap. (A 

21j 

The integration must be done counterclockwise 
around all the singularities of G(y, y’, p) in the p plane. 

In the present situation the singularities are only an 
infinite discrete set of poles along the real axis (Fig. 2). 

These poles are the values of p for which 


/ 
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tany/p’d =0 (18a) 


p' — p= Kye — 1). 


These values of p give the resonances of the system or 
the characteristic modes of the partially-filled guide. 


(18b) 


tan ./p'd 


é 


quency and thickness of the slab. The lowest of these 
surface waves has no cut-off frequency. We will assume 
in this paper that the frequency is such that the struc- 
ture has only one surface wave among its characteristic 
modes. Fig. 3 plots niaiey and jniair) VS Kod for different 
values of the relative permittivity e for the only surface 
wave in our case. Fig. 4 is the plot of #. 
Eq. (18) has also solutions for which 


Ky < Kove < . (20) 


These modes have sinusoidal variation in the OY direc- 
tion in both regions, dielectric and air. For the wave- 
length of the excitation in this paper (A =3.2 cm) these 
are nonpropagating modes. Figs. 5 to 8 (p. 72) are the 
plots for nair) and niet for the first five modes of this 
type and e«=2.49, 
Finally, the mode functions are obtained as follows: 
—> {dia} =5) at) 2a {da} (y — 6 
(45 ¥) =) 4oBa.m) SID eACOS py | \ (21a) 
a y 
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The normalization constant is chosen such that 
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and its value is 
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Fig. 5—Propagation wave number in the OY direction for the 
first two nonpropagating modes. 
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Fig. 6—Propagation wave number in the OY direction for 
the third nonpropagating mode. 


THE Four-TERMINAL NETWORK EQUIVALENT 
TO THE DISCONTINUITY 


In the empty rectangular waveguide we use a repre- 
sentation similar to the one described previously. It is 
well known and we will not write any details here. 
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Fig. 7—Propagation wave number in the OY direction for 
the fourth nonpropagating mode. 
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Fig. 8—Propagation wave number in the OY direction for 
the fifth nonpropagating mode, 


Let us represent the transversal magnetic field H, at 
the junction of the two guides in terms of the character- 
istic modes of guide 1 and in terms of those of guide 2. 
We can equate the two representations, since the trans- 
versal magnetic field is continuous at z=0. Therefore: 
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where the upper index refers to waveguide 1 or 2 in 


_ Fig. 1, the summations are actually double summations 


and only for convenience we have indicated the mode 
with only one subindex. In (24) we have also assumed 
that each guide propagates only the lowest mode and 


_ we have separated these modes from the summations 


b a b a 
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If the unknown field is written as follows: 
Eula, y) = I, (0)Ei(«, y) + Ti (OVEa(a, 9). (27) 
One arrives at the following relations 
V,™(0) => Z 11 (0) + Z1914 (2)(Q) (28a) 
Vi)(0) = ZoT1™(0) + Zo2T1 (0) (28b) 


which link the dominant modes in the two guides re- 
placing the effect of the discontinuity by a four-terminal 
network. The expressions for the impedances are sta- 
tionary and can be calculated with a small error without 
knowing the exact field at z=0. 
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and indicated them with the subindex 1. The prime in 
the summations indicates that the first or lowest mode 
is excluded. 

In view of the orthogonality properties (22) and of 
(1) and (2) we can write (24) as follows: 


1, (0) (x, y) + OOM ax, 9) 
1) a 
7 J ay f Ya, ys x,y") Xz0- E(x’, y’)dx’. (25) 
0 0 


> 
In (25) we have written the dyadic Y which has the 
following meaning 
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+ Vn hn (2, yh (2’, y"). (26) 


Eq. (25) is the integral equation for the electric field 
at the discontinuity. We cannot solve it exactly but we 
can use the Schwinger variational principle for the un- 
known electric field. 


By 


6 a 2 
i if Zo XEx(«, y) “Ina, sydd 
0 0 


The above expressions are minima for the exact field. 
Of all the approximations tried one of them gives a very 
convergent series and the smallest value for the admit- 
tance. Two points measured experimentally agree within 
5 per cent with the curve for 1/Z22 vs Kod. The approxi- 
mation consists of taking the field of the dominant 
mode in the empty waveguide as the field at the discon- 
tinuity, 2.¢.: 

Ex(x, 9) = E(x, 9) = (a, 9). (30) 


If one substitutes into (29) and performs the neces- 
sary integrations one obtains 
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Fig. 9—(a) Shunt impedance offered by the discontinuity ; 


(b) transformer ratio. 
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The series converges very rapidly and only five terms 
are necessary. Bi,mcdiet is given in (23a); mis plotted in 
Figs. 5-8 for m=2, 3, 4, 5 and in Fig. 3 for m=1. 

Fig. 9 is a plot of 


ys 1 Z 1,0? 
j a and n= —4/—* vs Kod 


for an X-band rectangular waveguide, for \=3.2 cm 
and e=2.49. 

Eq. (31) indicates that we can replace the discon- 
tinuity by the four-terminal network of Fig. 10, a pure 
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Fig. 10—Circuit equivalent to the discontinuity. 


shunt and an ideal transformer with the following trans- 
form ratio: 


, Z22 1 21,0 


Zu MY? 23,1 


The reference planes are at the plane of the disconti- 
nuity z=0 in Fig. 1. 
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Optimum Bandwidth for Wave- 
guide-to-Coaxial Transducers 


Mumford! has determined a method for 
optimizing the bandwidth of waveguide-to- 
coaxial transducers. His equivalent circuit is 
a coaxial line, of characteristic impedance 
Zo, terminated in a resistance R, such that: 


b rg . . Ql wd 
R= 2407 sin? cos? (1) 
aX dg a 


where each of the terms in (1) are as defined 
by Mumford. After determining the value of 
1, at center frequency, he adjusts d so that: 

R=Zo at center frequency, and achieves 
bandwidths of the order of 20 per cent for a 
vswr of 1.10. 

Since Zo is invariant with frequency, the 
vswr varies as the product 


a A) 
Poe Fae 
r r 


which has a maximum value at center fre- 
quency (Fig. 1), for reasons listed here. 
2nl/dg is usually about 80°, so that 
sin? 27/1/dg remains fairly constant for large 
increases in frequency, but decreases rapidly 
as frequency is decreased. \g/A increases 
with decreasing frequency, but at a much 
slower rate than the decrease of sin? 27//)g; 


1W. W. Mumford, “The optimum piston position 
for wide-band coaxial-to-waveguide transducers,” 
Proc. IRE, vol. 41, p. 256; February, 1953. 
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Ag/X also decreases with increasing fre- 
quency. 


_ Ze (as suggested by Mum ford) 
Zo (as_sugqested here) 


19s Frequency 


Fig. 1. 


From the foregoing, it can readily be 
seen that even wider bandwidths than those 
achieved by Mumford are obtainable if R is 
made greater than Zo at center frequency. 
In order to determine how much greater 
than Zo, R should be, I have found the fol- 
lowing equations very useful: 

1.10=R/Z,) at center frequency, fo, 
which is obtained by setting vswr at center 
frequency equal to 1.10, and leads to: 


sade md u Zo 1.10 2) 
Cae 240rbfae (XE lal 
(= sin? —— 
Ag atfo 


and 
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Zo at fo Rat tr, 


where fy, is the low frequency end of the de- 
sired band. This yields 
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Use of (3) has led me to a design which 
has a calculated vswr of 1.10 or better over 
a frequency band in excess of 30 per cent. 


Davip S. FRIEDMAN 
Westinghouse Electric Corp. 
Baltimore 3, Md. 


Addendum to Planar Transmission 
Lines—I* 

If it is desired to use fine wires of di- 
ameter a instead of these flat strips, an ele- 


mentary argument shows that the charac- 
teristic impedance is given very closely by 


120 Ah rd 
Z=-—In ( tanh Ni 
Vk ra 2h 


The attenuation is given to sufficient 
accuracy by the relevant formulas of the 
paper referred to above. 
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came to the United States and conducted 
research in microwaves with the Research 
Division, Ordnance Missile Laboratories, 
Redstone Arsenal, Army Guided Missile 
Center until August, 1956, at which time he 
joined the staff of the department of electri- 
cal engineering, Ohio State University, as 
an associate professor and a research associ- 
ate in the Antenna Laboratory. 
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INSTITUTIONAL LISTINGS 


The IRE Professional Group on Microwave Theory and Techniques is grateful for 
the assistance given by the firms listed below, and invites application for Institu- 


tional Listing from other firms interested in the Microwave field. 


CASCADE RESEARCH CORPORATION, 53 Victory Lane, Los Gatos, Calif. 


Res., Dev., & Prod. Microwave Ferrite Devices, Backward Wave Oscillators & Microwave Test Equip. 


COLLINS RADIO CO., Cedar Rapids, lowa 


Complete Industrial Microwave, Communication, Navigation and Flight Control Systems 


HUGHES AIRCRAFT COMPANY, Culver City, California 
Radar Systems, Guided Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers 


MARYLAND ELECTRONIC MANUFACTURING CORPORATION, College Park, Md. 


Development and Production of Microwave Antennas and Waveguide Components 


(Please see back cover for additional listings.) 


INSTITUTIONAL LISTINGS (Continued) 


MICROWAVE DEVELOPMENT LABS., INC., 92 Broad St., Babson Park, Mass. 
Design, Development & Production of Waveguide Components & Complete RF Assemblies 


NATIONAL INSTRUMENT CO., INC., 23 E. 26 St., New York, N. Y. 


Wide-Band Microwave Equipment, Simulated Flight Instruments, Lobe Switches, 
Custom Built Precision Apparatus 


RAYTHEON MANUFACTURING CO., 148 California St., Newton, Mass. 


Microwave Communications Systems, Radar, Missiles, Cooking Equipment, Tubes & Components 


WEINSCHEL ENGINEERING CO. INC., Kensington, Md. 
Attenuation Standards, Coaxial Attenuators and Insertion Loss Test Sets 


WHEELER LABORATORIES, INC., 122 Cutter Mill Road, Great Neck, N. Y. 


Consulting Services, Research & Development, Microwave Antennas & Waveguide Components 


The charge for an Institutional Listing is $50.00 per issue or $140.00 for four con- 
secutive issues. Applications for Institutional Listings and checks (made out to the 
Institute of Radio Engineers) should be sent to Mr. L. G. Cumming, Technical 
Secretary, Institute of Radio Engineers, | East 79th Street, New York 21, N. Y. 


